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This book is designed for the students who are preparing for various National Level competitive 
examinations and also inspires to enter into Ph.D. Programs by qualifying the various entrance 


exams. 


The content of the book is divided into two parts: first part introduces the ordinary differenitial 

equations while the second one introduces partial differential equations. The chapter one givesa ~ 
brief introduction of differential equations and: elaborates various methods to solve the ordinary | 
differential equations of first, order. The second chapter named ‘“ General Linear Differential 


Equations” explains how to.solve the differential equations of higher order and the methods to find 


. their general, particular and. singular solutions. In Chapter three, the: solutions of initial value 


problems are being explained by using Lipschitz condition and by general methods. It also explains: 


. Green's function and-Sturm Liouville’ s problem which gives non-trivial solutions of aboundary value 


problem. The fourth chapter introduces the. partial differential equations and various kind of 
methods to solve them. Chapter five includes the behaviours of second order differential equations 
and the transformation to reduce them into the canonical form. opal from this, the solutions of Heat 


and Laplace equations are also discussed. _ 2 gmat 


Sihenraciis sets are introduced at the and of the topics which includes a variety of questions from - | 
| previous year papers of CSIR UGC NET, ItT-JAM; TIFR, NBHM and GATE. These questions are. 


" carefully selected so that the students can apply mathematical knowledge in solving the questions. 


in addition to it, the solved examples are also given at the end of every chapter which will help in 


' deep understanding of the topics discussed. The key points provides the quick revision of every 
~’ chapter. Also, awell-thought question bank, in the form of various assignments is given atthe end of 
each chapter which covers entire prescribed topics, so as to facilitate students to do more.and more = 


a practice a and hence secure egoow! results. 


| While compiling this ibook more stiéss is given c on problem sb technique rather than language - - — 
“or exact mathematical symbols. Any suggestions f for the improvement of the book wil be highly Nad 


7 appreciated. 
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CHAPTER - 1 
INTRODUCTION TO DIFFERENTIAL EQUATIONS AND 
DIFFERENTIAL L EQUATIONS € OF FIRST ORDER» 


INT. RODUCTION 
Differential equations arise se from many problems i in Algebra, Geometry, Mechanic 
this chapter we shall sitidy | how a differential equation’ ‘look like; what‘are its 
and the degree of. the differential equation | and we shall. learn different ki 
equa: and also the. method of solving Jirst order differential equation. 


nes In 
the. order 
the. differential 


SLL. DIFFERENTIAL EQUATION 


dx” 
independent variables and their derivatives of any order, is called a differential equation: We may also 
define it as, “An equation involving unknown functions and their derivatives w.r.t. one or more 


d"y) . etree tee | / 
An equation f c Vy ees z|-0, which expresses a relation between dependent: and 


independent variables ”. . . 
2. 
eg. (i) oY. =x+3 (ii). ot =sinx — (iii) “ + ux =0 
x ; 
ey etl g: 2a oy Paya) 
Mag Mg Ce tel aes ae 
There are two types of differential equations: a 
_ (i) Ordinary ‘(ii) Partial 
_ DEFINITIONS: 


(i) Ordinary Differential Equation: An onda) differential equation is the equation which involves one 
independent variable and aeer al. co- efficients w.r.t. it. Thus (i) to (iv) are ordinary differential 
equations. 


_ (i) Partial Differential Equation: A partial differential equation is the equation which involves two or 
more independent variables and partial derivatives wrt ay of ther. Thus (v) and. (vi) are eras ; 
differential SPOS 


7 (iii) Onde of Differential ‘Ajanta T he ee 5 oF a- differential Guana is. ‘fhe: arden oe the. yiahed 
_ > derivative .it-contains. In the. above examples the order of QO. and Ue is 1, the order of Oe is 2, the 
"order of (iv) is 3. 


(iv) ‘Degree of. differentia equation: The degree of the differential equation, high can be ieritten asa 
_ Ae aos in the derivatives is the degree bee the elisha ¢ ordered derivative winch then occurs. °° 
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’ (v) 


| § 12 


A differentia equation f c y,— 


Thus P, 
° dx" 


dy 7 
é.2. 2y=vBx + 


dx : 
This differential equation is of degree 2 (obtained by making it free from fractions) 


‘General Forms. An ad ae Saas of order one is of the form ix | =0. 
hauls . 


dy dy 


An ey differential equation of order t two is of the fen nse y,— eae 


#)- 0, etc. In general, an 


eee dy d*’y .d"y) . 
‘bis aijerential equation of order n is of the form f| x, Selous ane y =0 or 
. I~ dx dx’ ~ dx" 
Kooyy'y", .¥) =O. aan 


LINEAR DIFFERENTIAL EQUATION . 
dy d’ d’y d'y 
“dx “ae dx 


a. : 2 n.. 
function of the variables yey a3 d y 


, Le. iff the dependent variables and its derivatives occur 


in the fi rst degree and are not multiplied together. 
dty 


n-1 . 
+P, i y ates Py= QO, ‘where Pgh ws oP, and Oa are functions ofx x only and Py voi is the 


general linear di ifferential- equation of: order n.. 


.. The above-equation is said to be homogeneous ifQ is a zero een and non-homogeneous iff O is a 


non-zero function. 


Example 1. Obtain the differential equation of all circles of radius r. . 


Differentiating a wart. X, we get 2-4) 26-05 


> ear) A ta ys ects Se (i) 


Daft wr x eget! + oy 0 y + (ay =0 _... (iii) 


Solution: The equation of the family of circles of radius r is (x — - + (y=bP =P, ... 


where a and b are arbitrary constants, 


Since equation (i). contains two. arbitrary constants, we - a reniate it two times w.r.t. x and the 
differential equation WHE be of second order. 


oy). 0 is said to be linear Li the function f is a linear 


| 
| 
| 


§ 13. 


(ii) 


(i) 


oy 


= eore 
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From (iii), we have y-b = ~ ; ...(iv) 
d'y 
dx’ 
dey 
: ee ~ (dx) [dx 
Putting the value of (y — b) in (ii), we obtain x ~a = — .) 


. dy/dx? 


| Substituting the values of (x — a) and (y — b) in (i), we get 


(Fylde)? Pysax?y? 


=[r(@y] (Sy 


This is the required differential equation. 
TYPES OF SOLUTIONS OF DIFFERENTIAL EQUATIONS 


Solution. The solution of a differential equation is a relation between the variables involved such that this 


relation and differential co-efficients obtained from there satisfy the given di ferential: equation. This is 
: also called primitive or integral of the differential equation. 


General Solution. The solution. of adi ifferential equation, which contains as many arbitrary constants as 


_the order of the differential equation, is said to be general solution. This is also called complete primitive 
"or complete solution of the di ae equation. 


8. the general solution Cas a Y + y= Ois ye c, cos x +. a sin x. 
Particular Solution. The particular solution of a differential equation, is that which is obtained from the 
general solution ee giving gr values to arbitrary constants. 


é & the particular solution of 2. S01 is a = COS x 
dx? 


Singular Sohution. A solution which é cannot ie deed from ihe general scalar we giving. particular 


values to the arbitrary constants and has no se constant is called singular sc Sone 


EQUATIONS OF FIRST ORDER AND FIRST. DEGREE 
A general d ifferential equation of, fi rst order and l first degree i is soft the form. oy =f, y) or: 


Max + Ndy = 0, where M, N are. functions. of. x and y both. 
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. Existence and Uniqueness Theorem Statement: If f(x, y) and > are continuous functions of x and y in 


a region D of the xy-plane and if P(x,y,)€ D, then there exists one and only one function; say (x), which 
in some neighbourhood of P (contained in D) is the solution off the differential equation 


os © fi y) and O(%)=Vo 


ieee: are some of the Standard methods to solve differential equations: 


I. Variable separable form e. 2. Reducible to variable separable. — 
3. Homogeneous equations. 4. Reducible to homogeneous form 
5. Linear differential equations of first order 6. Reducible to linear form 


Tey. Exiict UND ejuations. 


Parties 
ee 


Case I. Variable “Separable:, An equation whose var sbles: are separable and can be put in the form | 


— g(X)dxth(y) dy=0 is called an equation of } variable separable form. Integrating, Jg (x) d+ [ h(y) dy=c, 


where c is an arbitrary constant This is the general solution of the nifercneias Se aeacle 


Case II. pee Reducible to variable senavablbe” To solve the equation 2 = flax + by +c) | we ()) 


Put ax + by +c =z50 that a+b oy. & ie, w= 1(2.| 
dx’ x ob 


Putin in (1), — 1 (S- a fis ) =¢ = =atbf (z), which is of the. type “Variable Separable” and hence 


can be solved.. | 


Method to Solve: 
, (i) Putax + by+c=z (ii) Separate the variables z and x. (iii) Integrate both sides. 


Case II]. Homogeneous Equations: 


Definition: ‘Homogeneous Function. A function is-said to be homogeneous of the nth degree in x and y if it can 


be pu in the ‘form 2) Lf 


x 


o 68 065.) = eee i 


Defi nition: Homogeneous Equation. An equation inx aids yis. said to be homogeneous equation if it can nbe pul — 


in the form oe = ae 7 hee L0 7) and (x, y) are both Homogeneous functions of the same id ee in 
ahaa : 7 _ 
i). To solve the equation o- = te i ee fey) and (x, y) are both HOME CIES functions of the same 
ae a ee “OXY 


degree in x and y.: 


MONT tee CTE STH eae sent 
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(i) Put y = vx so that ey =yt+x “ (ii) Proceed as in Case I. 
x 


(ii) Sometimes the equation is not homogeneous, even then it can be solved by the same method as for . 
. homogeneous eqeone 


epamire 1. Solve: x’y dx - oa +y)dy =0 
x? 
d xy 
aise oo 
x xt ys 
Since each af the functions x’y and x + y’ are fs aaa functions of degree 3, so the given | 
di ifferential equation (1) is homogeneous. 


Solution: The given differential equation is. x vdx~(x° ty )dy= =0> 


., 
Putting y=vx and thus Bo in (1), ve gery : eer 
* ass Nh Aco 
ge. OS iio Wo ek gS VEN 
SOM ey SP I ey a dae 
dx. itv 
Vt 
ape ey X 


Integrating both sides, we get a + logv=~-logx +C 


Tz t+ logvt+logx=C 
ee -3v8 3 ae 2 Hie 


Case IV. Equations Reducible to Homogeneous equations. 
dy: _ axt+biy +c 


To solve the equation 
ioe + Pay: +Cp 


eee fe Method to solves 


(i) Putx = “Xthy= vik | 
c i) - Equate the constant terms of numerator and denoininator to zero and find the values of h and k. 
. (iii) — Proceed as in 1 case TL 


cone 


| © Bane a. 
_ dx | ATE 3. 
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Solution: Given % = pa da 
dx x-y-3 
ar dy dY 
Let x=X+h, y=Yth > rage 
i.e., choose h, k such that 
htk+2=0 © setae (i) 
h-k-3=0. ae aieetst (ii) 
. Solving equation (i) and (ii), we get 
1 5 
=>h= ms k= , 
1+ f 
dY X+Y_ 


xX 
=> - — 
' aX X~-Y i 

XxX 


=: => — v 
dX l-v xX 14v 


~ dY X4+Y+(h+k+2) 
assis 


dX X~Y+(h-k-3) 


dv _.vdv _dX 


: a | Pe : 
= aban +oe{ r+, |-toge= 2m (| as Vee 


=> log{(X?+Y’)/c}= “) — X 


2 2 
mes 1 Sha 3 | oot 5 =ce , where c is arbitrary constant. 


Example 3. Solve . = cos (ty) + sin(xty). 
Solution: Put xt y=Vv, So that [+ — pone oy a 
dx dx dx dx 


$0, the given differential equation reduces to 


dv :. 
> ex =1¥ cos y+ sity 
OX 


dv 


~* ~]= cos vtsin v 
dx. oe 


2 By pee re rable “we have es 


1+co$ v+sinv 


iy = dx a 


; : 1 
.O ‘| , we get | ——_—_——___dv = |l.ax+C- 
a is ia Meee Prercre Tre. jt me s Ae, Boel 
: | = l-tan’ @. -2tand 
=> f{—____} dv ate fs 00528 = isa sin: n29=— om 
oa tan? ley 2tan(v/2) 0 — 1+tan’@. 


: L+tan’ (v/2) 1+tan°(v/ 2) 


ee a a a a 
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sec ? (v/2) 
2(1+ tan( v/2)) 


Bis See ty) 
2 


Daw WV =Xt+C => log|1 + tan(v/2)|=x+C 


> log 


=x + C, which is the required solution. 


Case V: Linear Differential Equations of first order — 


Definition: A differential equation is said to be linear differential equation of first order if the dependent variable 
and its differential co-efficients occur in the first degree only and are not multiplied together. 


Thus o +Py = 2 where P and Q are functions of x only is called linear aperenee equation of the first 


oe and thus 2 a X + Px= =Q, where P and Q are functions of y only is also called linear differential 


“equation of the first order. 


Another Definition: The differential equation of the form y'=p(x)y+q(x) _ ...(1) is said to be linear differential 


equation of first order, where y is the dependent variable and x is the independent: variable. If q(x)=0, 
then (1) is called homogeneous linear differential equation, otherwise it is called honehomtogencous 
- linear differential equation. 


The solution of ay + Py =Q, where P and O are functions of, x only, is given by 


 YWLF,) =| 5 a C,, where LF = integrating ‘factor and Ci is constant and [.F.= el Pee 


Example 4. Solve : (1 +x’) a +2xy— 4° = 0 subject to the initial condition y(0) =.0. 


Ce ee : eset a dy. 2x _ 4x? 58 
Solution: Ti he given differential equation can be written as — + Ce ...(i) 
X ae . 14x 
‘dy: 2x x? 
This is a ae differential equation of the Siti x + Py = “0, where P= - and O22 
+x? +x? 


on Weve T= “ft = gl MH ME: lot) a guy PS” 
. Multiplying both sides of (i) by LF. i +2) we get (1 + Rte = a 

os “Integrating both sides w.r.t. x, we get y(1 +x) 4 = ‘fee de + cam +x) Sak eee +C 

"tis given that y=0, when x= 0. $0, 0=04C > C=0. °° . | 


Ax? 
Hence, y (1+x d= F is the required solution. 


| Case VI: Equations reducible ° Linear di ifferential Equation 


me Solve the equation $ = + ave oy, where. P and Qare meteors on bs 
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Method to solve 
(i) Dividing yeouenaue by y’. 
(ii) Putting y'~"=z and get the linear equation in z. 
(iii) Proceed as in Case V, 


Example 5. The solution of (dy/dx)+2xy=2xy’, is , ee . 
(a) y=(cx)Ml+e") @) y=1ll-ce") — ( y=1M ce") y=(cx) +e") 


d : 
Solution: Ans. (c). Dividing by y, we get y* a Dey Sle 


Putting y'=yv, so that —y” (ay! d= dv/dx, or (dv! oe 2xv = 25 , which is linear 
whose LF. = elt ae ae : 
So, solution is ye" = [(2xe* dx = feta. putting (-x*) =f (1) 
or yle* =e'+ce=e" +6, (using (1)) . | 


or y= i+ce* or y= 1M+ce* ), which is the required solution. 


1, The solution of the ordinary different : (0). 0 . . 7 | (TIFR-2010) 
: ‘+ (D)iszero. ~ aoe 


<"(C) is negative. 


. x.- 


2 


- . e x? y+ cos : 3 


2" (IT-JAM 201) © 


21. ia 


; (T18e 2014) oe 


SORE MRE ERA OTE RE OLY 


at lace eee 
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Case VII: Exact Differential Equation. 
The equation Mdx + Ndy = 0 (where M, N are functions of x and y) is exact if Max + Nady is the exact 
differential of a function of x and y; say F, i.e., dF = Mdx + Nady. 


The equation Max + Ndy = 0 is exact if Ms = oN and its solution is 


dy ox 
[Max + [terms of N not containing x) dy = c, a constant. 


(treating y as constant) 


Integrating Factors 
Ifa differential equation is multiplied by a function ey so that the resulting equation becomes exact, 
. then \(x, y) is called an integrating factor and is denoted by LF. 
The number of integrating factors of Mdx + Ndy = 0 is infinite. 


Integrating factors by inspection of Terms: 


: | 1 1 
i) xdy ~ pdx: — or——or—or 
Vy SP ae xy oe eye 


(i) dy + yds 
(xy 
(tii) xdx + ydy : Ges" 


Five Rules for finding integrating factors 


| ‘Rule I: If the equation Mdx+Nay=0 is’ homogeneous in x and y i.e. if M, N are homogeneous functions of the 


_ same degree in x and y, then 7 ! r is an integrating factor provided Mx + Ny #0. 
aa ; x+Ny 8 


| Example 6. Solve: xydx-(e ty )dy=0 


Solution: Here M = xy, N= oy 


LF= ae ae = —=-+ 
END: xy- a y eS 


bee 
x x 
. Now, multiplying oy. integrating factor, the as becomes ord 5 ax — ty 


y 
vat ay or Gu(t8) 
oe tae A J ay 
ar 3 2 


y 


ie 0, 


where c is an arbitrary constant. 


1x 
Integrating we get log y Tare k. > y=ce™” 
c y 
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Rule II : If the equation Mdx + Ndy = 0 is of the form f,(xy)y dx + f,0cy)x dy = 0, then rr 
factor provided Mx — Ny # 0. 


Example 7. Solve (1 +xy)ydx+(1 -xy)xdy=0 
Solution: The given equation is of the form f,( ») ydx + f;( xy) xdy =0 
~ Here M=(1+xp)y,. N=(1-xy)x. 7 
eee nose een aha 
~ Mx-Ny (+xy)yx—(l-xy)axy_ 2x? 


it becomes f Pca bono 
— L2xty 2x}. 2xy” 2y 


which is an exact differential equation. 


. Multiplying throughout by 5 : 
x 


eee es Bee 1 x 1 , 

.. The solution is —| -— |+—logx——logy=c or log —-—-=c. 

~ OM _ON 

‘oy ox OX 
N 


Rule IIT: If in the equation Max + Nady = 0, is a function of x only =f) (say), then el! 0%. is an 


integrating factor. 
; 1 3 1 2 1 5 et, 2 
Example 8. Solve ae +53 r+ (et xy lay =0 


DoliHon: [dy 5a" deat feeay? by <0 


2°. 
M =y+— +—xXx iN =—(xt+ : 
are ei: Oe See os 7 ee 
2 4 3 3 
fom oN | 4 fgyeeer = (1+ y*)==. 
N\ dy ox (x+ xy’) -. 4 4 x(it+ y°) 4 : ee 
eT ae _ [Grade 3 . 
which is a function of x only, hence I.F =e =x. 
The equation becomes (4x? yay? + 24° )d-+ (a +x*y*)dy =0 . % 


The solution is ytaety’ +3 =k or ran yen y?+x° =c, where c is an arbitrary constant 


aN aM. ‘i _fftoidy 
is an 


Rule IV: If in the equation Mdx + Ndy = 0; ay ‘isa fit of y only = fi) ay) ‘heh e 
integrating factor, MM ’ 


J Example 9. Solve: ey y)dc+2¢? y ety ‘ Ne 0 


Solution: Here M =x Py, N=2¢¢ y Zee ty 4) 


1 Ree ; 
is an integrating . 
hy n integrating — 


fo AT Rese enereanetantpre oe eft nie 
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ON OM 1 | ie 
—— ——— |= —__—__(4xy’ +2-3xy’ -1) =—, which is a functi ly. 
(2 ay } yoy" +p! xy ay ) ; which is a function of y on 


Jre . . 
BLE Set Sehr Sy Fe 
Multiplying throughout by y, it becomes by" ty) dx+(2x" y 7 +2xp+2y’) dy=0, which is an. exact 
differential equation 


’. The solution is ay + xy" +hyt =C 


Rule V: If the equation is xy? (mydx + nxdy) + xy (pydx + gxdy)= 0, then x'y" is an integrating factor, where | 
ath+1. b+k+1 rt+h+l_stk+l ‘ 


? 


m no Pp q 


PRACTICE SET-2°— 


Jay 0, then the value of a.is 


L If y’ is an integrating factor of the differential equation 2xy de-(3x 
Ff Jaen Se i ie Se / (IT-JAM 2011) 


A4 @4 at! (0)! 


2. The differential equation (1 + x’y’ + ax’ y 4 ed + ge +x. aa 3 e dy = 0is exact, if a equals.” 
 - ae . | (IIT-JAM 2012) 


A >. | on Z . 4 oe. 


+ bxy + dk. +: oe + cry. Darn =0 srexdct, then ~ 
(uriam 2014) 


(C) b=2,c=4 ee Ob “2a 2c. 


3. Fora, bce, if the di 


~ Ab=20820 


ee eee “An, integrating ‘gies of the iferential equation . ee Tay Is. , a T-JAM 2015). . 


ae - mf Oy 


. 5. ; wey is an: rating ft oF6F ae tan) dx + (6) + b bx) o 0, whe. Q; bi € RB ‘then ; . 
wie ae" (GATE- 2017) 
(a) 3a- 5b = Os eo 2a be 0 y ; i 3a+ dog as D2. 2a. + be 0 ae 


(GATE-1999) 


$i api itial ‘ausiiine 2 byotaaee sni ‘ay ave 0 ‘is exact jor 7. 


DIFFERENTIAL EQUATIONS CHAPTER - 1 


§ 1.5. EQUATION OF FIRST ORDER AND HIGHER DEGREE 


A differential equation ffx y, #) = 0, where degree of o> 1 is said to be non-linear differential 
equation of first order and higher degree. It is generally of the type 

P, (=) +P, (ary P55 (x)" on AP o +P =0, where P, Pi Pome t alg Qe Junctions of 
dy oe 
ax? and the above bouiioa takes the form 
Pp aie + Ppt t+ wt PhP +P. =0. 


x and y. For convenience, we writ 


Type I: Equations solvable for p. 


Let SG y, p).= 0...) be the given differential equation af ‘first order and degeeos n> L. 


. (1) is an equation of degree n solvable os p, ©. L.H.S. of (1) can be Se as the product of n 
foiene ‘factors in p. 


| Let (1) be written as (p-f,) (p-f, .. ip —f) =0, where Pod acct, Pere of x and y. 


- Now, solutions me given oe (1) are given by n equations p—f, = 0, p—f, =0, ..., p—f,= 0 or 
ae fies = f, (x, y),.. A. f, (xy) 


These equations can be solved by the methods already known to us. Let the solutions of these n 
equations be F, (ay.c)=0, Fx, y, C) = 0, uF (G),C,)= 0 . 

Since the given equation is of theft rst order, .’. it cannot have more than one independent arbitrary 
constant. | | -_ . 

Bet c, = 0) .=6, =, Say. 


"» The eee solution mC aren eas a ) is F; és y, 0. F, &, y ©) iF » ao 0 


Type I: I: Equations solvable for y 


Let the given di ifferential equation be Si y.p)=0 - | oe : so ss ae 
Since (1) is solvable for y, ee 
<'s (1) canbe expressed asy = g(t;p) GS ecu || ot at me 
Differentiating (2). w.r.tx, a i(s pt} a ae), 


ms which isan siiauon in two variables. x and p. Integrating (3), let its solution be F Fo P. = ee (4) | 
The elimination of p between (2) and (4) gives: the general solution of (1 a Bg hs 


Tf the elimination of} p between. (2). and (4) is.not. t possible, the. values 8 of x and y ey be inined: in terms > | 


of the-parameter p; sayx =f,(p, ©), Y =f(p, ¢ Cc). 
_ These two equations seeder constitute the solution mn of (1 He in the parametric es 


Type Il: Equations solvable for x 


Let the given differential equation be fs y, D Oo Be ke xe 2p 
_ Since (1) is solvable for x, .. ee oe = 


DIFFERENTIAL EQUATIONS 


*. (1) can be expressed as x = g(y, p) wetZp 


Differentiating (2) w.r.t. y, Oe =h \. p, se = win (3) 
dy p dy 

which is an equation in two variables y and p. ‘ as 

Integrating (3), let its solution be F(y,p,c)=0 . (4) 


The elimination of p between (2).and (4) gives the general solution of (1). 


Type IV: Clairaut’ s Fauation 
An equation of the form y=px + fo) ...(1) is known . Clairaut’s eae 


Differentiating with renee to x, we have p = pre <a ef’ (p 2 E a =. P| 
or |x+f" os 
i+ ro sf | 
2M 26 or x+ f (p)=0 
dx . a 
dp : _ to nae te 
“F —0, givesp=c fof ~ 2 
re hed 4 (2) 


Thus eliminating p from (1) and (2), we get ee ..(3), as the general solution of ( ). 
Hence, the solution of the Ciera 's equation is obtained on replacing p byc. 


Remark 1: If we eliminate p from x+ f'(p)=0 and (1), we ee an equation involving no constant. Ti his is the 
singular solution of (1) which gives the envelope of the family of straight lines. (3).. 


Remark 2: . Equations reducible to Clairaut’s form: - Many equations of the first order but of neler degree can 
be easily reduced to the Clairaut’s form by making. suitable substitutions. 
Example 1. Solve (px — y)(py +x). =a'p. 


Solution: Put x’ =u and y’=v, s.t., 2xdx=du and 2ydy=dv 


dv : . 
El Eh sep. where P =— -, ie eh =: 4 
de Va Wn du 
7 Then the given equation becomes . (=: x- oe y+ cee 2 XP. 7 : 


or (uP—v)(P+1)=a’P or uP-v= . E 
wea wa tay Pan. 3 , 2° s 
og dts GHD solution is v = uc - ach(c + Die, y=cx-a’chet 1). 


ie v =uP-a'P HP i) whieh is Clairaut’s form. é 2 ae 


Type V. Equations not.containing x ; a a . 
The differential equation, not containing x, is oft the form fly, ge 0 oe od tee oe 
_ Two cases arise: ; . 
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- Case I. When (1) is solvable for p. Then p = g(y), i.e., ° =2(y) > ay = dx 


Integrating, oo =x +c, which is the General solution. 


Case IT. When (1) is solvable for y. Then y = h(p), and we can proceed as earlier. 


B Lidey | - | dy ; 
Example 2. Solve y(1—log y)—~ + (1+ lo —| =0 
ip WN AOE YY a A a») 4 . 


' Solution: The given equation does not contain x directly. 
. Putting eee Pp, so ‘hit a& oY ap ee : 
dx de dx i” 


The given equation becomes y(1 —log y)p La (1+ log y) p? = =0 or 
: 2 dy yd- log y) 
l+logy 
. log p = —| ———_ 
se eer 


log p =-[ arte, 


dy+c¢, (put log y=t) 


i log p= [14+ Jar +e =t+ 2log(t—I)+¢, = log y + 2log (log y —1) + loge, 


* =>‘log p = log(c,y (log y-])’). 
dy 


————§ = c,dx 
y(log yi)? © 


~ dy ; 2 
=> p=—=cCc lo | > 
Wa? sees A. By) = 


, which is the required solution. 


- I 
_ Integrating, —— =c,x+c, or l-logy= 
ie as log y-1 rae a che, 


- _ Type VI. Equations not containing y: 


The differential equation, not containing yi is of the aes Ke, P= 0 
Two cases arise: ; 


Case I. When (I) is solvable for, p. Then ie = et), ie: ae = BCX) > oz gfx) dx 


. " Integrating, yt c= = fax) x) dr, which is the General solution. 
Be. Cae 71 When 0 1 “ is solvable for x. ne x= = ho) and: we-can proceed: as earlier: 


| (ay a : 
‘ Example 3. Solve a yf 2414/2 —) 
: Solution: The. given equation does not contain ‘ye, fey 


fae 
Putting Bop ye so that ee 
Se dee dx’ 


or q ace 


Phe iven e uation reduces to 1+ x? +1+p* =0 
rae 8 a . ( 2 pew 


0 


DIFFERENTIAL EQUATIONS | | - CHAPTER-1 | 


dp dx 


* or + =0 
l+p? 1+x? 


4 px 
Integrating, tan” p+tan'.x=tan™ c, or tan p =tan c, or ——= 


or p+x=c,(1- px). Ba p le) 
: : . 1 


2 
ea log(1+c,x) - 2% + C,, which is the required solution. 
oe Gg 


Integrating, y = 


Example 4. Solve: ydx. + © -y dy = 0. 


2 


‘Solution: The given as equation is vd (oy )ay= => i +x y =y ey i 


This is a linear differential equation of the form a, +Px = 0, where P = Ls and O=y’.. 
e- 
2s se = oli” ds ee) ay, : 


Multiplying both sides of @ by. L. F. =y, we obtain y a +x=y' 


Integrating both sides w.r.t y, we get xy= =|e ol [Using: x(LF_) = =| g LE) dy+C] 


y' 
=> y= HC, which i is the’ required solution. 


Example 5. Solve x Wa; ty=xy° . 
Solution: The given differential equation c can be written as. 1 a a = es, 
y? X xy ; 
Z 
Putting y° = v0 that - = ye ge av oryt & = =a Ley, ee av , 4 yey? 
OK dx dx. 5 ox” 5 dx x 
> — --Vv = 5x? ; a 
ae | | Ce 
; This i is the standard form of the linear differential equation having inledhaling factor a 2 
LE = ‘ee = ashes z 
Ts 
Mutpyig both Sites of ‘ oy: LF. and integrating wert. x, we eget " —= fs Bx = —z dx. 
5 a. 8 re 
— = CaS 2 +C = Ms ix = ae 24. ¢, ‘which is, the required solution, 


x° 


ae M eG = General solution is the solution which contains as $ many arbitrary constants asthe. ‘Srdat? ‘of the differential 
, equation. ; aha 
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PRACTICE SET ~ Sy 


bone 


1. — One of the points which lies on the solution curve ae the ae equation oe e eee + y) dy =0, 


with the given condition y(0) =1,is — - — . (IT-JAM 2016) 
(A) ce 2) (B) (2, -I) (C) (2, I) DCL 4 

2. ‘jisides the ODE on R y o = fiy6s) If fis an even function and y isan odd Fun then 

_ (CSIR UGC NET ‘DEC-2015) 

(A) -v(-x) is also a ableton 6B) y(-. x) is also a solution... ee 
(C) v0) is also a solution. ‘(D) yx) y -x) is also a sélution. . 

3° Lety be a solution of y =e as -1 on [0,1] which satisfies y(0)=0. Then = * °° (GATE-2008) 
(A) y(x)>0 for x>0 — B)y)<Oforx>0.. ss | 
(C) y changes sign in [0, 1] . (D) y=0 for'x>0 é Sgt? 

4 Consider the equation 2 = (1+ f(t) y(t), y(0) =1:t2 0 where f isa. bounded continuous function on 
: dt } ae cae 

[0,°°). Then be: (CSIR UGC NET DEC-2011) 


(A) This equation admits a unique solution 7) a further lim y(t) exists andi is finite 


(B) This equation admits to linearly independent solutions 
(C) This equation admits a bounded solution saat which: lim y(t) does not exist 


: (D) This equation admits a unique. solution y nd fur ther, lim y(t) = 00 
2 . Sess: eR So <r . 


WPOINTS = 


o> A Differential Bites exp 


ssesa relation between dependent and independent variables and. their : q 
. derivatives of any oF oa ia ui Bek SS Se ee a adh 


ee te eet i eae iter ee emacs es ae ae ee 


a _ The degree be the “differential equation, swhichs can ihe written ¢ as a- * polynomial in 1 the derivatives: is: the 
ee fe Alegre. of the. vee ordered derivative which then occurs. A ae et LENE 


a > ore A diferntal equation is is linear rif the faction fis is a linear afin of the variables » of # ae “e 


> For linear differential equations of jirst order © + Pe 


DIFFERENTIAL EQUATIONS 


singular solution. 


dx (x,y) 


i ean Equation $Y = 106 toy) , where fx, y) and (x, y) are both’ 
degree in x and y. Put y = vx so that a =vtx ' and solve. 


Xx 


0 are. functions of x only, 
thesolution is given’ by vA F) = fa FQ dx+ G. ‘vie 


‘ating factor and C is:constant and 
I. F. = elPae. ee oe : 


> 
SOL VED. QUEST! ONS FROM PREVIOUS PAPERS 
are The minimum alae order of a homogeneous linear ordinary differential equation with real constant - 


. coeffi cients having . x? sin(x) as a solution isequalto = Oo (GATE-2013) 


Soliton: -(Ans:'6) As we know (D’ +1 )y=0 differential equation has solution He, Cosx +¢; sinx anda factorx ~ 


is multiplied to. linearly independent solutions, ae we. shave repeated roots and if again the roots 
repeats we multiply x’ to. the'same. 


=> for solution x’ sinx, roots must be repeated 3 times - . ae 
Thus the linear and hence di emia slag must be wo a . ay y= 0 
It is of order. 6. : oe PRY 
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dy : 
2. The equation of the curve satisfying sin y= =cos y(1—xcos y) and passing through the origin is 


(IIT-JAM-2013) 
Solution: (Ans: sec y =x + 1) Given sin yo =cos y(1~ xcos y) 
SO by a esieats SOP hee eg ns 
=> secy tan y 2 —sec y =—x — .. (1) 


Put v = sec y 


Beltane 

dx . | ax 
..@) becomes an =—x 
dx 


= -| dx _ 
LF=e J =e" 
", Complete solution is v-e™* = -| e*-xdxt+c 
ve *=xe*+e"4+c =>y=xt+l+ce* =>secy=(x+1)+ce* 


~ As the curve passes through origin. i.e. (0,0) 
So, sec 0 = (0+1)+ce’ 


> Sl=a=lt+ce>c=0 . 
Hence the nares een of curve a saltshing the sien aferenal equation is secy =x + I. 


3: Which of the following i isan neon factor of ie ydx = 0? (GATE - 2001) © 
ws t (re - 
; DS ee 3 a Bf 
- Solution: a (B), (CC 
Here M= -y; N=x . 
Clearly, aM =-l, oN =]-> om # on 
dy Ox. ~ dy Ox 


=> This ee is ae 


By option (A), Tp drt dy = 0° 


Ms Zs a. | 7 
aM’ --1 Pie aM’ aN’ 1 
a ee ee ee 
-. °+ =3now equation is exact. - 
-.. _ . Hence, option (a) is correct. 


By option (b), M'=—, N'= ss 
x+y xo +y 


OM’ _ Ge ty’ -Qy)-y) _ =x? +? 


‘ oy | (x? + yy? . (x? + yy? 
AN’ _(? +y*)- (xa) _ x? ty? 
ae (ety?) (2 +y?)? 

oM' ON' 
=>. —— =, hence equation is exact 
dy ox” 
=> option (b) is correct. 
By option (c), M'= ae N'= u 
x y 
ous =0= os = eaten is exact. 
ay. Ox.’ —_ 


=> option (c) is correct. 


2 
. x 
By option (d), M'=—x; N'=— 
; y 


aM 9, aN! 2x _ aM aN’ 
dy ox y dy ax : 


~*~ => It will not act as integrating factor 

=> Option (D) is incorrect 

| - Hence, options (A), (B) and 9 aré:corréct. 
| . 4. ‘The initial value mii (x Dy u ne Dy, bio) = Vo whava a unique solution if (%» Yp) equals . 
; 7 | (GATE-2002) 
| (A) (2, ) @) Lp : (O00 -.-.°.°@ (0,1) 
a _ Solution: (a) The given equation is. (x? -2 == (x- Dy, yx) = a “Yo 

5 Gx) 

: ings ax” 

+ . ie os By 

x(x 1)” 


: ‘ ., x+x- 1 - ce ) 
© ae G=) | Ts Dae DP 


sgemecrpespmrermemnrmemren terre beans eS Te RT OES nities er eose 
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; dy _ dx dx 
Integrating, —- =——_ + —,, we get 
y x-l «x 


log y = log[x(x- 1)]+ log k => y=k(x-1) 
From option; 
By option (A), y(2) =1 


1=k2.1 yee 
5 


> It has unique solution in this case 


For other options (B) and (D) initial value problem has no solution, whereas for option (C) it has 
infinitely many solutions. — 


5. Integrating factor of (x? y? +3 y dx + 6x y- x)dy = 0 is x” y", where (GA TE-2002) 
(4) m=-T,n= 5 aie 5 (C) m= Taal (D) m=~7,n=-1 

Solution: (©) The ae equation is (x7y? y +3 y}dx+ Bx y- x)dy = 0- 

Here M = =x'y 743y N= aa x 

By options, for option (A), if xy? is integrating factor > as is incorrect 

M'=x7y? ee me N'= x7 y?(3x8y- x) 


M'= y' 43x" ee es 
oM' : : 
Say +3x “0 mw =3y" —(-6x7")y° . 
dy . ox a ae 
oM' ON .. 
#——., it is not exact af 
dy ox. © » th 


=> xT y° is not integrating factors 

- For option.(B), m=~1,n=5, i.e. if xy” is an integrating factor 
M'= xy’ (x'y + 3y); N'= ay x" y ~ x) 

; M'= x°y! +3x'y°;Ni= 3x! y® = y 


us = ey 43x71 Gy = 21x° y® 


idm ll ior Paar rain 


OM" _ON [a - 


,itis not exact . 


- oy. On” . 
a = itis not.an integrating factor * 3 , 
For option: (c), m=-7,n=l, if x"'y is selearanine eee (B) is is incorrect. 
a Max Ty(x" y? rie M=x "y(3x" Saas a) 
~M'= y 43x71 y? N's ba ~x*y . 
OM! _, OM" _ aN’ 


Me SB? ay aa 6. ow a3y’ +6x Ty — Tenet wecael 
oe 709) y ey aes 


SS 


For eee m=-7, n=-I, if xy" isan integrating factor - 
M=x7y '(x’y? +3y); N=x" we CO x) 
M'= y+3x7;N'= 3x- xy 
; ON' a ae 
aM =1, —-=3-(-6)x"y" 
“Oy” 2 oe 
It is not exact 
HENCE, option (C) is correct. 


6. The solution of - = y’, y(0)=1 does not exist Jor all 
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(GATE-1995) 


(A) xe (-~, 1) (By se1", a] Where >l © XE (-2, z (D) xe [1, al where a> 1 


Solution: (B), ©, (D) The given differential ne a = ye and y(0)=1 


a -2+1 a 
& = ’ Z Hx+e, Sy 
: “1 5 
Applying initial condition, -1=0+c =>c=-1 
-] 
—=x-l 
ne 
8.4 
—e ae 


The solution can’t exist at x= 3] and as option (B), (©), (D) spclaides x= ot 
=> Soliition does not exists for Vx given in option (B), (C), (D). 


a ae The fas Solan of the differential sites dy/dx+tan ytanx=cosxsec yy, is 
(A) 2sin y=(x+ c- sinxcosx)secx  . (B) siny=(xt+c)cosx . 
(C) cosy = (x re c) sin.x . see _ (D) secy = = (x + c) Cos x 


Solution. ‘The given differential equation is Bsa +tan y tanx=cosx sec y 


cosy 2 +sin ytan =COSx 


e iltsiny = C= cos y= at =F +t tan) = cosx 
= dx dx. dx 28 


; ; Iti is q liane differential equation of. fi rst order 7 
LBS = pitanxar gr lodcos = Bey 
The solution is given by t(I. F J= Ja. F.)cosxdx+c | 
: (sec x)t'= [sec XCOS xdxt+e 
“(ecx)t= =x+c=>>siny= =e + c)e0s.x 


=> option (ye is correct. 


(GATE-2001) 


ASSIGNMENT - 1.1 


NOTE: CHOOSE THE BEST OPTION 


| | dy x. | 
1, = x — + — is of degree 
ede ay of deg 
| a | 
(A) zero (B) two (C) three (D) one 


| Pe ; dy d’y)_, 
2. The differential equation W, x,y, —,—z |= is of 
(A) first order _ (B) zero order (C) second order ‘(D) none of these . 


2 
' 3. The degree of the differential equation st +n’x = 0 is— 
dx 


(A) zero ‘(B) one - (C) two | | _(D) three 


‘ ; : : : si P - , m-l q : “ aa 
4. The differential equation rls x] + ote. 9)( | +...=0 is of order 
: ; x ; 


. (A)p (B) q (C) m . od none gs these | 


. 5. . The number of arbitrary constants a general solution of first order differential equation contains is 
(A) zero (B) one. (O two — @) three 


6. The differential equation oy + Py = Q, where P did Ga are functions a x ans have the integrating 


factor- 
MO ge TBI oer” ° De! 
7. A solution of a differential equation which contains no arbitrary constants is— 
~~ -(A) particular solution (B) general solution 
a MG ne solution . , . O none of these 


8 A sen) solution os a linear differential equation with constant coafficie cients is— 
(A). sum of, particular solution and complementary function.” 
(B) product of particular solution and complementary function. : 
(C) quotient of particular solution and complementary feed: 
“ (D) none of these: . Sens 


_ 9. Given a differential equation of order n, then its complete primitive contains— . 
(A) n—arbitrary constants a _ (B) more than adisihths constants 
~ (C) less than n—arbitrary constants _) no arbitrary constant . 
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rE a Neen 
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10. The necessary condition for the differential equation M(x, y)dx + N(x, y)dy = 0 to be exact is- 


a) S- “ (real cc) ™. ON pei 
5 | oy ox 


11. If the solution of differential equation contains as may arbitrary constants as the order of ¢ a dijeraniat 


equation, then the solution is called 
(A) particular solution (B) ‘enieibie primitive 
(C) singular solution - 3 (D) none of these 


12. In linear ordinary. differential equation, the dependent variable and its differential eaehh cients are not 
multiplied together and occurs only in- 
(A) first oc (B) second degree (C) third degree —.  (D) fourth dette 

0M 


~ 73. ff M(xy)dx + NOx, yidy = 0and 7 = = then the differential equation is 
y 


(A) exact me, not exact (C) linear (D) non-linear . 


14, Ifa differential equation Max + Ndy = 0 is not exact and let F(x, i be such Hal FM di 4. FN dy = 0 is 
exact, then the function F is called a/an 
(A) differentiable function (B) arbitrary function 
oO integrating factor ~ . (D) none of these 


© £45, If differential equation Max + Nady = 0.is of the jem fly )y abe - (xy) xdy = 0 and Mx-Ny +0, 


then an WTO factor i is 
‘1 


(A) Mx- Ny |  B) My- () —— (D) None of the above 
. Mx - Ny _ ee. . 
16. The diferent equation a + Py=Qis ; linear differential equation of first order if- 
(A) P, Q are functions of x only a ee (B) P, Q are functions of y only 
(©) P, Q are functions of x'and y ~_ (D) None of these ) 


“17. The order of the differential equation is defined as the 


(B). highest onder derivative occurring in the Sain 
(©) highest power among the powers. of the derivatives occurring in the equation, sek. 
-(D) highest pew of the variable. elles J in the een 2 


«18. T he degree of a differential equation is defined as the 


(A). highest. of the orders of the differential coefficients occurring in it. . 
(B) highest power of the highest order differential coefficient occurring in it. 
(C) any power of the highest order differential coefficient occurring in it. 
'  (D) highest power among the powers of the differential coefficients occurring in it. 


19, A linear differential equation 
(A) is necessarily of first order 
(B) is necessarily of first degree 
(C) may or may not be of first degree but is of. fir rst order 
(D) is either of first order or of first degree. 


20. The degree of differential equation satisfying the relation Ji+x? + efiey’ y= fer +y?-yvl 4x | is 
(A) 1 : BD ns (C).3 . (D) none of these 


21. Determine the type of the following differential equation +sin(x+. ne sin x 


(A) Linear, homogeneous _(B) Nonlinear, homogeneous 
(C) Liter, non homogeneous /@) Non linear, non homogeneous 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


22. The saan é dx + e dy = 0 is not of order- | . 
(A) zero ; (B)one = (C) two . (D) three 


: 
23. The equation + nx = 0 is of- 
x 


(A) order zero _(B) order two (C) degree two (D) degree one 


7 ~e 


: ee RSID 
24. The differential equation () {2)’- -4= 0 is of 


de 
(A) order Pi | B) eee 3 _ (©) order 4 (D) dere 6 
25. Which of the following differential equations is not a fr rst order and second despea? 
d?y V2 dy 3 
‘A)| ——| +sinx) | +xy= B +xy = 
a (2) (2) Aas rn xy =e 
Be ss - : s Moves tae a8 a ayy 
C) 4 +xy =e. m/)) ee +14 =0 
ge Nes (0) | yey Layo 


Se ea a ee eam 
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ASSIGNMENT - 1.2 


NOTE: CHOOSE THE BEST OPTION: 


3/2 


1,/ What is the order and degree of the differential equation [1 + (y')’]’" - py" = 0? 
. (A) First order, second degree " (B) Second order, first degree 
(C) Second order, second degree (D) Third order, second degree 


, x 2 aa 
. a Order and degree of the differential equation ab = | pt (2) | are respectively 


Wat< « B11 (0) 2, + 5 M24 


3. If Mdx + Ndy =0 is a differential equation and rita is a function of y alone, say f (y) then 
I \ ox ly 5 
integrating factor is . . 


(A) e* _ (B) e*™*” . (C) el ae (D) None of the above 
4, The integrating factor for the Leibnitz linear equations + Py = Qis 
(A) = be Blac  . - - .(Cexp (fad) (D) exp [ras] 


5. The homogeneous di ifferential equation M (x, y) dx-+ N(x, y} ay =.0 can be reduced toa d ere 
equation, in which the variables are separated by the substitution 


Aya (B) xy =v (xty=v .  @)x-y=v_ 


a dy 

_- 6. The differential equation re eee 

os ee 

(A) homogeneous (B) non-homogeneous 
(C) exact.equation (D) none of these 


7, Consider the following aes equations ie 
OLE + HO"Y pe £9") 0. 


Q) y- x= iy ies Pe bEO 
Ti he sum. aes order af ii rst a a and degree of second differential. equation is, 


ws oe 09 


8. For non homogeneous equation y'spoyy= 1), iy ay and Ya. are its, solutions, then the solution of 
Pa _homogenous equation Es ‘0; is. 
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(A) y =yy-Y2 (Byy = mi — (y= a (D) None of these 
2 q 


9. The integrating factor of y’dx + (1+ xy )dy = is 


(Ae Be em De” 
10. An integrating factor for ydx ~xdy = 0 is 

(A) xly (B) yx » 4Oe— | (D) 

oo ; . x + y? x? +y 

11. For the differential equation y' + p(x)y = r(x) to be homogeneous, 

(Ar@)#0. (BY r(x) = 0 (C) rs) = p(s) ~ (D) p(x) = 0 
12. The general solution of the differential equation ydy ~ oh = 0), is 

(A) ri BB) xty=e — Oxnee : (D) x-y=c | 


13. (1) The solution of ordinary differential equation of order n have n arbitrary constants. 
(2) The solution of partial differential equation of order n have n arbitrary aalite 
Which of the following statements is true? 

(A) listrue2isfalse | (B) 1 is false 2 is true | 
(C) land2botharetrue .. bs PS (D) land 2 both are false 


_. 14. The solution of differential equation ydx+xdy=0 is 


(A) xy=c ae ae (Oxye a . e (D) none of these —_ 


15. The sani solution of ip rst order differential e equation °Y ay = COS x, is eae by 
dx 


(A) y = cos x 
(B) y =sinx 
(C) y =cosx +c, can pba: constant 
(D) y = sinx + c, c an arbitrary constant 


16, The general soliition of the di ifferental equation dy _* iy des i _ ek 
ass we PRR Carp eo Ot) sd ares 


'17,. The particular. solution Of the initial satus problem xdx + ydy = 0, He =4,y,= Sis gr 
(Aly = e5- x? @y- the - (Oya . - Oy ae : 


18 The equation err can 1 be eo rese as oe 


sie a a a 


eve etcriner meen bt 


sph PRIMM ETE EIT BE TT EE EE TI 


+ mmmotrrenctncnataw.nrmmeamnraro 


estas abate te pA LSS CRS ARSE SPN HE TEAL 


DIFFERENTIAL EQUATIONS CHAPTER -1 


. 23.. The differential equation dy + ea = Ois of 
dx*: x 


2 ; 

(4) EX =x (B) % =x Qok=9° (D) none of these 

ae dt dt? 
: : dy 1. _ 2. 

19. The general solution of i a y=x is 

(A)xy = 2x* +c (B) xy =c . | . (J ome bes (D) none of these’ 
20. ean of Lt lynx is | . ton, 

(A) aes =x By=x" <> (C) logx=y . ~ (D) none of these 


21. The equation of the curve, for which the aiale petech the tangent and the badiis vector is twice the 
vectorial angle is r’ = Asin 26. This satisfies the differential equation 
(A) r(dr/d@) = tan 20 : _ B) r(d01 dr) = tan26 
(C) r(dr/d@) =cos20 (D) r(d@/dr) =.cos 20 


- 22. Let m be the order of a differential equation. ‘Then 


(A) m is not unique a (B) m is unique 
(C) m may or may not be unique (D) m may be infinite — 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


(A) second degree’ _—_——(B) first degree (C) first order ; (D) second order 
24, The equation y dx + xdy = Ois. 
. (A) exact differential equation (B)r non-exact differential equation 
(©) partial differential emahion 3 se of first order 


25. Which of the following is not true for the statement 
“The complete solution of a differential equation contains arbitrary constants” ? 
wy more than the order of equation. _.  (B) can’t say 
- bque to the order of ae an hy 22 less than the. order. raf equation 


26. Which of the Plleitie difievential equities is not lined ‘e 


AN y) 2 ay = sin x | : _% 4 | (B) ie 7 7 
(C+ y)2+sinx=0 oe - 3 * 7 OF es Y +(l+2) eet e 
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27. Consider differential equation \y'| + |y| = 0. Which of the following statements is true? 
(A) General solution exists 
(B) General solution exists but contains no » arbitrary constants 


(C) It has particular solution which is bounded. 
(D) None of the above 


28. Given, a = 2xy. Solving the above differential equation gives 


(4) Pardes ————B) logy =x" +loga (C) togy=2— @) y= ae™ 
7 y oga 


* 29. Given, ae _ tan ib Solving the above differential equation gives 
: a : 
(A) logx=-log cosy + C_ _ (B) log(x cos y)J=C/ 
—(C) log (x sin y)=C | : ~ (DD) x cosy =e 


30. Consider a family of, ‘parabolas y= 4a (x + a), which of the following statements is true? 
(4) The differential equation satisfi ed by. the .given system of parabolas y ’=4a(xta) - 


_ B Dijcrennanng the equation with respect to x, we have 2y2 = 4a 


7 es 


(C) No di ifferential equation for the given equation exists 
(D) ‘None of these 
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ASSIGNMENT - 1.3 - 
NOTE: CHOOSE THE BEST OPTION | 
I. The solution of the differential equation (2ax + by) ydx + (ax+2by) xdy = Ois — 
(A) axy’ + bxy = (B) ax’y’ + bxy =c 
a ayx’ + bay? =¢ be (D) any oe uF =¢ 


2. Differential eee A —x 2)gy + (0%2y- y-y-ax fie 0 has an. caemanine jase 


( aoe ve | | , [eta 
(A) e° **. (B) e 
pe Mae , an 
(C) eo) (D) none of the above 
3. 7 he solution of o. a ~ represents 
(A) a family of circles centered at (1,0) (B) a family of circles centered at 0, 0) 


(C) a family of circles centered at (-1,0) — (D) a family of straight lines with slope -I. 


4. The solution of Jobe SS as : 
xX sinx+xcos y+x 
(A) y sinx + (siny+y)x=c = tua (B) ysinx +(sinx + J=¢ 


(C) y = sinx +ysiny +c ev an (D) none of these 


“5. The solution y = Acos(x+B) is equivalent to asinx+ B oS x, where 
(A) a= AsinB,B=AcosB | (B) a= Bsin B, B = Boos B | 
' (Ca =-Asin B, B = Acos B (D) none of the above’ 


6. General solution of “ + 2xy = 20° fe 


(Ay y=(2x+c)e" . et ee (B) y.= 2xe* 
Oy" =e, . . ©) none of these 


7 The sonlion of the differential equation (x + y- 2 dyldx = (x + y) Is 
(AG +H) = log(yaxt +e 2s, B(x) = log (xty- Fo veer 
(y= ax = loge + y- |) i - Diyt 2 =bogh ty +) te aOR 


ETS NI EPA EU UA MCR 


8. The solution of the differential equation ) y= px +Jf4+p*- 
(A) (y- cx! -c =4 x eg en ge =0 
OG-ax) tO=0 9 DO) ex) + 4c? = 0 
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9. The solution of (x— y’)dx+2xy dy =Ois 


x x 
(A) ye* =A (B) xe* =A 
(C) ye” =A (D) ye” =A 


10. The general solution of (2) = (2) + tan (=) is 
: ; x 


xX ; 
(A) sil 2] =c - 4 —— B) cos( 2 =cx 
Ms a oo x 
(6) sin 2 =cx , (D) cos 2) =C. 
x x 
AL Differential equation xdy- yee dvdr 0 has the solution 
(A) yx =Cx aS (B) ~ ee =O,x 
(©) y-x? =C,xX 7 4 a -  (D) y -x =C4xX 


- 12. The differential equation of the family of circles of radius ‘r’ whose centers lie on the x-axis is 
(A) Wdyld+y =r (B) yi(dy! dx) +1 ="° 
(C) Yidyldty=r (D) y{@ylay +]=° 
13.- The primitive of the differential equation (2xy*e? +2xy' + y)dx +(x ye? _ xy? ~3x)dy =0 is 
(A) Pe +(x ly)t(aly ae ve (B) x’e? (7 y+ (xl y)=c 
oO mene y= Gly=e | , , Pe? (21 y)=(al y)=c 


14, Let (y- c)’ =cx be the primitive of 4x(dy/ dx) eae y=0. The number of woe curves which 
will pass through (1,2)is 


(A) one  (B) two | a - | | Othree - Ones (D) four. 

I5. A solution curve "of the equation y= 2) y,. passing 1g through dL 2) also passes through . 
A) (2, a % (B) (0, oy - _ a (4, 24)" “a - “(D) (24, 4) 

, ra 6. The solution ae the diferente equation wl an) yl x)= x? ‘under ihe condition that y= =Ilwhen x=1 ~ 
is - : ; ae ho A : 
Wane xe 43° 2) ‘oe y’ 43 | 6 y= ate a | i) Axy = y? +3. 


I 7, The Gaunt és straight lh lines passing through u the Ong: is ae - the. diferent equation : 
(A) -ydx+ xdy=0 | Me Oe (B) xdx+ydy=0. Am & ; 
» (CQ) xdy- ydx= Q ee (@) ydy—xdx=0. - 
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_ NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


1 8. Which A the following is not the integrating factor Jor the differential equation 
(x + pt-y= =e" (x +1) 
(4) : 7 “es (B) x+1 
= 


(a : 4 . (D) x 


x +1 


19. Which of the following i isa soliiion ofy a 0? 


(A)y = sin x : (B) y = cos x 

“(Oy= 3 cos x — _ (D) y=sinx+ 3 
20. Which of the following is a solution of xy't+y=0 ? 

Aya (BY xy =-2 

(Qx=ABy — | _ (D) x= 5 


21.. Which of the following is not the general solution of the differential equation sinxdx+ dy =9? 


y: 
(A) 2,fy + cosx =c sig 0B) 2Jy -cos x =c 
Nis ee aaa 
=o: The general solution ons the ai erent equations ays + do it gait, Where Pisa PO of x alone, 
is not given by . | - 
(A) y=otce? : 7 _ (B) y=O+1- ce? 
(EC) Yemen: _— a: _(D) y=o- ~l+ce? 


23. The solution of (x+ yy (dy! dx) = a’ is snot given by = 
(A) y+x= atan{(y = ela} _ ie  (B).y-x= atan(y— c) 
Oe xotan{y- cya} a Date ) aly “x)= ale oleh 


24, Which of the following seat are true for’ ihe di ferent eiuaton? 


E:(x° + y°)dx—(xy’)dy = . . Aue 
AEI is an exact differential pide a Bi tioangidorofe isx?. - 


ae) Solution of Eis logx Sa =C __.__.. +. .(D) Solution of E is logs Za 
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—s “s ee (PRACTICE SET y- | % Se 
LD) A xtytSacyl)? 3.x=y(e +o) 4. y=3x-2x*....5.B) 


re ae (PRACTICE SET— 2) . oe oe 
I. (A) 2.(B). 3 (B) ae: (By. © 5A) os = 6. (B) 


er _ (PRACTICE SET -3) 
LQ 2.) 3B) = 4D) 


ANSWERS TO ASSIGNMENTS 


/ 


"ASSIGNMENT - id l 


LB 2D. 3. (B). 4. (C). 20) 6. 
7.(D).- . 8: (A) 9. (A) 10.(C) ° TTB? 
©13.(4) ~ > 14.(C) 1b.{C)... 16. A. “17. ie Sab 
19.(B) . 20.(4)° © 2D) sf 


—-22.(A,C,D) 23. (B,D) 24. (A, D) 2 a. cD 


Je. ea Ba 


=) 2). 


: a 1B a 10 
120: ABD). 21 a GD), 22. are 23. @B oD. 


CHAPTER - 2 
LINEAR DIFFERENTIAL EQUATIONS ~ 


INTRODUCTION | “Law 
In this. chapter, we will learn how: to. solve a ‘homogi 
“10 find particular integral and ' general solution. 
. singular solutions. The method of 1 undetermi 2 
solving ¢ a differential equation. “Here, we learn 
and also to solve the simultaneous di ifferential equation. in the é : 2 


ogeneo differential equation | i.e. how 
eral solution, i., 

nother ways of 
dinary points 


- § 2.1. DEFINITIONS 


(i) Linear Combination. iff, Pos J, ave n functions defined on the interval I and c,, ic uC, are n-arbitrary 
constants, then the eae Cy fire, f, +..t¢, f, . called linear combination of ty Sy vs f, over I 
eg, &* + 2e"—4e" isa linear combination of e*,e, e* [Here C1, 63> 2, C= 4]. 


(ii) Vineaily Dependent. The functions f, i .., f, of x are said to be linearly dependent over an interval | iff 
. _ there exist constants c » Cy «+» C, (not all zero) such that.c,f, + ¢,f,+ ... + ¢,f, =0 Jor all x in I. 
In particular, two functions ‘ and f, are linearly dependent on [a, 6] if Here exist two constants ep C) 
(not both zero) such that c,f, + cy, = 0 for all x in [a, bj. 
e.g. The functions x-and 2x are linearly dependent on [0,1] because there exist constants 
(c,=2, c,=-1) st. Cf, + C, fy = Oi.e. (A(x). + Cla) = 0. 


(iii) Linearly Independent. The functions tf, ihe of, x are said to be linearly independent over an jiteeval I 


iff there exist constants ¢;,C,...,¢, such that-c, f, +c, fyti..t¢,f,=0 for all x in- T then c=0 V i=1,2... 
e.g. The functions x.and x’, are linearly independent on [0, 1] 


Conclusions: 
(7) 1 Pe Sn are linearly dependent, then at least one of them is a linear combination es others. - 


i) Th fy-- re are HERD inde then none wt them i is “linear combination of others 
(iii) - Wronskian. Let f, f,..., f, be n-real ‘funetions over I eh spain has a derivative of order (n - 1) over 
I, then the determinant. . Oo as ae 3 


| : 3 ae o ie we a ‘< = Wo La ot) ey 
’ i roe . ee i: Dl 


. is called Wronskian of. f, an uff over I T. mus the Wreviskion We, ray “p) is ella’ a real viatied TD 
on I Tis value at x is denoted by W fp fo. oS) CF or ud WiC). LQ), aie ()). 
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GW If feted are linearly dependent on an interval, they are linearly dependent at each point in the 
interval. However, if f,, fy,» f, re linearly independent on an interval, they may or may not be 


linearly independent at each point; they may, in fact, be linearly dependent at each point, but with 
. different sets of constants at different points. 


ae of t . : 
ag. = fi(j= ° } f,0= [ f(t) and f,(t) are linearly dependent at each point in the interval 
O<ts d. . But f,(t) and f,(t) are linearly independent on 0< t Sa | 


~ Conclusion: If WO fy -f,) over Tis non-zero, then f,,f,...,f, are linearly independent over I (provided Res are 
solutions of same differential equation 1) 


Example: Show that the following functions are linearly dependent: : 
(i) 1, sin’ x, cosx (ii) &, e*, coshx iti) x, é, xe", (2 — 3x) &. 


§ 2.2. GENERAL LINEAR DIFFERENTIAL EQUATION 


_ Defi inition. A general linear d ifferential equation of order n is 


Pio +p, ¥ ¥ +p, a2 2 4+.4Py=Q, : | () 
dx" dx" 
where Ee ae ee oat yer Q are functions of x defined on some interval I. When pe 0, then (1 ) is said 


to be ieucsetees When Q # 0, then (1) is said to be non-homogeneous. 


' Existence and Uniqueness Theorem’ 


Statement: If P,, P, ;....P,, and.Q are’ contimious functions of x over an open interval I and if x, € I be the real 
sniber and Yo Vp.» Yq. are arbitrary real numbers, then there exists one and only one sae SYy. 
(x), which in some neighbourhood of Xp is a solution of the sekauaes equation 


y” ia Py te, ahENE Q s.t. ca =Yo Ol) =Yp os Ce) = Inge 


2 2. 1. "Hom ogeneous Linear Differential Equation. 


T heorem I. Let f(x). and fi) bet two olincarly independent solutions of re dé z +P, a t+Py=0 (I) i 


over an open interval I, where P, P, P, are all continuous fino of b ana ve # oe on 1 F. Mee is any 
solution of. (f ), then Nes oi Bre where. oO, ne are some constants. . mane 7 


Conclusion: Each solution of Py$ a’ ae EP, ay Yt spy= =0i is aed -combinaton of two ea independent solutions. 


Theorem 2 Let nf P, 2 + Py = 0, where.P,, P,, P, are all continuous functions of x over an open interval - 


te od and P(x) # 0, then there exist linearly independent solutions f(s) and A) such fi ae 


OPTRA SO LAP POET LEO IE T  E Y T 


tone ee OHNE NR TREES 


Pigemel Operators: D denotes <., _D denotes =. me Dt denotes ae 


a“ Closed 
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AiXxd=L fx) =0; a 0, f'(%p) = 1; where x, € I 


_ Conclusion: Above two puis assure that a homogeneous linear differential equation of order 2 has two LJ. 


solutions and any other solution is a linear combination of these two solutions. 


Extension: Let iD PAL) AD) be n linearly independent solutions of 
qr2 


poy +p, oy +p, —_¥ 

sre aa aan) ce 

over an open interval I, where Pi Fase Fore all continuous Functions of x and P o(X) £0 on L. If. oY is 
any SOMIHOD of (1), then f= c,f, + ape + +c, f, where cp Cy ..-4, C, are constants, 


ta tP yO os . ()) 


Here cif, eae tc, f, is the ee solution (or complete primitive) of the given differential equation. 


/ 
. 2.2.2, Non-homogeneous Linear Equation. 


Let fi (0). be any a solution of Py” a a aeth Y+ +Py 202 “a ) 

where P, P,,..., P,, Q.are all continuous functions over an.open interval Tand Pix)#0. on I and f,(x) be 
any solution of ‘Py H Pye D4 +P y=0, . (2) 

then fix) =f) +f, (5) is alsoa solution of the given equation. 


Bs TP a uf are LI. solutions of Q) then c f, + resp tiutef, where Cy Cy »5 , are arbitrary constants, 
is called the complementary ‘function of ( 1). 


_* . Let f, be the complementary function and f, be the particular solution of the non- homogeneous linear 


equation Py” +P vy D4 a tPy = Q, here ge P,,. Ae Q are all continuous functions over an open 


interval I and P, (}#0 0 on I f. fi is any solution of this equation, then dine for some particular values of 
C; on iby ; 


Remember: General solution of a non-homogeneous equation is Complementary Function + Particular Solution. 


k 


xX". 
Thus the polynomial P,p" +P, Dr htt P. in D is sai to be differential operator of order n, where 
iP, P,,, ..0,-P, are functions of x. It is usually denoted oy 
4 Thus L = : Pip +P DNs ees, » | : 
a: eg: Consider the equation 181, a oye e in the operator form, the @ eatin i on | 


| GD -SD#7) i é’, where the spent is L = 3D’ SD+ is 


- “Basie 1 Laws: yy L, 7 : and L, are any thre d erential operators, then the folowing laws hold 


fy. eae ky sa L,is a differential operator. 
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(ii) Under multiplication: LL, is differential operator. 


Commutative: i 
(i) Under addition: L,+ L,=L,+L, (ii) Under multiplication : LL, = LL, 


‘Associative: ; i . 
(i) Under addition : (L,+L,)+L,=L,+(L,+L,) (ii) Under multiplication (L,L)L,=L (LL) 


Distributive: 
LL, +L) =LL,+LL, (ii) (L, a aa 


Exponential Shift: If f(D) i is any pabnomials in D with constant co- effi cients, thene ne ac ba (Des -ayie® ), 
where y is any function of x. 


§ 2.3. LINEAR DIFFERENTIAL EQUATION WITH CONSTANT COEFFICIENTS | 


Definition: A linear differential equation with constant coefficients is one in which the dependent variable and its 


differential coeffi cients occur only in the first degree and are not multiplied eae 


Ths Pa et SY sp 2 V4 spy=g 
X 


(where P, P,, P,. ’P. are constants and Q is a function of x) is the linear spiiation of the nth order. 


= Ify=y,, YVe ls y Yn aren linearly independent POCUGS solutions of the equation 
n-1 n-2 ; 
Pee Y 4 ie mt y +P, oy Yu +P a = 0, here Pk jp Fas Py Ore hagas then the complete 
a xe ; 


solution i is yeep teyyt. + OYe 


Auxiliary Equation (A.E.) 
Auxiliary equation is obtained by equating to zero the symbolic co-efficients of y. 
Thus, D" + a,D""' +a, D'? + ... +4, = 0 is the auxiliary equation. 


Method to solve the equation: 
: d n-1 y d n-2 y 
i +P, ++ Py= 4 where P,P, Py «.., P, are constants 


n 
povip 
ax ox 


dx" 


70 i ‘Write the equation b in.the hesymbolic form as: (Pyp" +P ae PDs 7+ AP aa 0. 
(ii) “Write dei the auxiliary equation (A. Ba as: Pon +P ni 1 “f- Py oe oe Ba: Solve it form 


fusy - From the roots of AE, write io the eeetonains pint of the complete solution (C.S) as follows: 7 


ae 


see aetetatt saad eaiciteniecolacadae-enrandiahats aaah 


EAP Ne FOTO LT 
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Roots of A.E. Corresponding parts of C.S 
ee 


(ii) - | Two real and distinct roots m,m, = sy 8M eee emet 
(iii) | Tworeal and equal roots m, m, BC, ex) 

is 2 
(iv) _| Three real and equal roots m, m, m,. - e™™ (c, tex +07) 


One pair of imaginary and different roots 


(v) a om (ccosBx+c,sinBx) 
Two pairs‘ of imaginary and: equal roots 
(vi) tip, ots. e* [cosBx(c,+cx)+sinBx(c, + c)] 
‘ bce : - d"y d™y d™@y 
If y=Y is the complementary solution of the equation P,_—- +P, —— +P, —~ +...+P,y=0 ...(1) 
dx" qt dx”? 


and y =u is a particular solution (containing no arbitrary constants) of the equation 


* ax” — ax dx 
Qisy=Yru 


n n- wn-2 : . : 
pay a eh ony ne, ie +...+P y=Q ... (2), where Q is a function of x, then the complete solution of 
my ‘Complementary Function (C.F.):The part Y is known as complementary function. 
(ii) Particular Integral (P.I): The part u is known as particular integral. 


Remark: Particular integral (Pl) is not unique ‘for a differential equation 


Inverse Operator: = : a O s that function of. : ‘eed is depen: of arbitrary constants and which ve 
aperiiee on by f(D) gives O. Thus f@). iD 0 =0. Hence D is the inverse operator of “D). 
. | 3 a g is the parted integral of he ee Dy = 2. 
: : . The symbol x stands for integration. | | 
| ot . pQ [ods noariray conten bengaded, 
° : | _ Q= a ja -e* dx,.no arbitrary ‘visti being added. . 


~ Method to solve the equation: Ge 

. ny. n-1,,° qn-2. 
poy peep ty 

~ dx" 


Tart? gyn? +...+P,y=Q, where Py P,, P, .... P, are constants and Q is a function of x 


- - (ii) 
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Remember: 
(i) Write the equation in the symbolic form as: (P,D" + P pr + Pp" +, +P Jy = 
(ii) Write down auxiliary equation (A.E) as: P,D" + PD” ‘+ P,D" +t P= 0. oe it for D. 
(iii) Write down complementary function (C.F.) by the same method as 8 for writing down C.S. a R.HLS is zero 
instead of Q. — 
(iv) Find particular integral (P.I_) [For PI, see 1.5] 
(v) Then CS. isy = CF. + PL. 
§ 2.4. FIVE STANDARD CASES OF PARTICULAR INTEGRALS 
(a) Method to evaluate a e" : PutD =a provided fla) # 0. - 
Case of Failure. | | 
‘Method to evaluate a e* when fla =0 | | 
gs = Voge. 
{(D) d 
ap tO 
Note: If by using the said rule, the denominator again vanishes, repeat the rule and so ci 
(b) Method to evaluate 7 sin ax or a cos ax: Put D’ = -a provided f(-a’) # 0. 
f(D?) f(D?) eg 
Case of failure | | 
Method to evaluate —' sinax or ~ =~ cosax when fd) =0: | sinax =x! __. sin ax 
. £(D? ) f(D? d nd 
ape 0) 
maa COS AX = x. po cos ax. 
— 2 1 
© [f(D")] 
Note: If by using the.said rule, the denominator again vanishes, repeat the rule and so on. 
: (co). A Method to enlanteis ? Ks where m is is positive integer, is as follows: 
(i). From f(D); take the lowest degree term outside. Then the remaining factor’ will be ef the type [ IH oy). ee 
‘Take (It OD) to the numerator and expand. it by Bionomial Theorem (+ ge a (x My = 0} 
(iii) Operate each term on x”. 
Remember: ee ae . 
ial _py'=1 +D+D ty ..f9 0 i) (EDY! = 1-D+D? =... $9.00 6 
- fifi) (1- Dy? =1+.2D.+ 3D? +..t09- iv) (I- DJ? =1 + 3D+ 6D' + ...to.0 


' (a) Method to evaluate a (e* X), where X is any function of x. 


1 ax i ax 1 
4(D) ore. ‘oa 


In other words, take e outside and in f(D) write (D + a) for every D so that f(D) becomes f(D+a) and 


operate with x alone by the previous methods. 


1 
f(D +a) 


ma) ene to evaluate—— 0 (x X), where X is any function of x. 


1 2 d { 1ly 
f(D) Ao = “at "oD |e 


| Example 1. Solve (D* +2D’-3D*) y=3e +4sinx 


Solution: A:E is m‘+2m’-3m’=0 - 
> m=0,0,,-3 
CF isy =(c, +¢,x)+c,e* +c,e" 
_ 
- on putting D=2, P.I of 3e"* is ae 
Asin x - 
D*(D? +2D-3) 
» 4sinx.. =, sin x. 
(-I)(-1+ 2D — 3) (D=2)_ 


2 eed 
(D+ 2)sinx — (cos x + 2sin x) 
D’-4 -|-4 


*Plof 4sin x= 


2 ; “3 
= 5 (2 sin x+Ccos hs 
". General Solution is y = C.F. + is I. 


—3x 


Gees! tee +2 = (sinx+conn +e 


- Solution: PI for x° +x is —————(x*. 
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we x. ; 2 2 
are aE) + Beoee wes (x? +x) he gee? we |(x? +x) 
2h 2 2 2 2 : 2 4 


1 2 3 2 7 ; 2 1 .. 3 7 , 1 2 
=], — — = — 1 — =~ 4 
At +9)+5 Dix y+ Diet +a 38 oe +20) Ac + = 


2 
Example 3. oy 2H 
"dx? 


+ xe* 
a ig 


Solution: A.E is m’-2m+1 =0 => m=1,1 
CF isy=(c, +¢,x)e* 


. 23x | 
P.lfor x?e** will be’ _* © 
(D=1)’ 


a mld re _ 9 th 2 x? = >. | | : 
| (D+3-1)?] | (D+2)7F . oo 7 
43x —2 3x, : . y - | 
; ue {u-3) as 1-2) 2) fe . 
4: 2 i 4 |. ap Ve 
a 


e** 
-. General solution is y= =, rae g (Oe 4x43) 


- ~—e 


 § 2.5. LINEAR DIFFERENTIAL L EQUATIONS WITH VARIABLE COEFFICIENTS 


~~ ks a n- n-2 
Definition. A differential equation of the form P, sp, o2 £2 ey yp, .tP y=Q, where P Pt gt sone Ge 
: X X ic 


and Q are functions of x is.called linear differential equation with wirlable coefficients. 


20:1, ede Homogeneous. Linear Equation Ae 


Definition. A homogeneous linear equation is - of the form pg a" a +P va d™ av +. +P ae 26), where - 
POP a oP, are all real constants and Qe) isa PEO as XF is called Cul S linear eqiation. 
Mahot to solve : rae 
(i). Putx=éie., a= logs,x> 0 be ie ae 
(i). Put aaa that x D= 0,x:D? =0(0- ie .D"= 00. De O-n +) feb 
; Putting these in the given equation, we get - es : 2 
 [P,O (0-1)...(O-n+1) + P. O(8-1) ...  (0- n+2) a +P] Ly = Q iG De ahi is + Linear equation with constant ° 


ibe coefficients and solve for yin terms of z. 1 Se 
(iii) Put z= log x, and we get the required solution. © 
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dy (eee te 
Example 1. Solve x* ——+2x? -x° —4+xy=1 
. 3 dx de dx = 


2x aay (ae z 

dx dx x 
Putting x=e’, the equation becomes (6 (6 - 1)(8-2)+260 (0-1) -O+lly=e" or ia 1)?(0+)ly=e" 
A.E is (m-1)(m+1)=0 or m=1,1,-1 ~ 


“CF =(c, +¢,2)e' +c,e% =(c, +c, logx)x +c,x7 


,d°y 
' Solution: The given equation may be written as x° eo + 


Ais py pe c= : tao = a s. bay 
(D~1/(D+}) (D+}) (D-1) (D+1) 4 - 4 D-1i1+! 
= Let ae | | 
4 Age 


Hence, the solution is y=(c, +e, log.n)x+ += logs. 
x 4x 


2.5.2. Legendre’s Linear Equation. 


_ An equation of the form P. (abx)" “ +P i(atbx) a a 5 eae +P iy) = = 06) | : (l ) 


where-P, P,....P,, are all real ae and Q(x) is a nil of x is called Legendre’ S linear equation. 


Method to solve: 


(i) . Putat+bx=é,ie, z=log (atbx), atbx >0. 
“(ii) Put = @, so that (at+bx) D = b®, (atbx)’ D’ = b’ 00:1), ...,(atbx)" D" = b" 8 (8-1) _..0-n+1). 
ie ; 


(iii) Putting these in the given equation, we get 


, ier a ; ver 
| [P,b" 00-1) ...0-n +1) +P,b"'0 0-1) ...0-nt2) +..+Ply=O | ae . 
which is linear equation with constant co-efficients and solve for y in terms of z. 


-_ (iv) . Putz =log (a + bx), and, we get a ala solution. — 


plas "Example 2 Solve (+. yf ee anary (1+ 2 a y= =. cos et + ): 
Solution: Putting l+x=@> 75 log(t + . equator bese: La 4). rer 1] _ Kec Zz 
or (6 +1)y = Acosz | 


AE ism *41=0 or m=ti . CF =< cos(e+e,) =<, cosflogee+l)+ea].._ 


- 7 
oer D? Bite gp ea «(Gsm9)= 2esin =Dlog(<+sinlog(s+D. 


Hence the solution i is = a cos[log( x+ ) + C] a 2 log x ae Ds sin log( x os D 


—— 
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§ 2.6. EXACT DIFFERENTIAL EQUATION 


ay 
dx 
differentiation merely, and without any further process from an equation of the next lower order 
f ? a" y ; d*- s ; 
pater BPD Pe py =X, where: 
dx" dx" 
P; P,P» .. P, are functions of x, is exact is P,—P',_,+P",_,-P™,.;+ .. + -I)" By 20 = 


| Defi inition: A differential equation [2 y ———; ’) = X, is said to be exact if it can be derived by 


: : qn 
The: condition that the differential equation Pee coer 


PRACTICE SET -1 


“1. . Given that, there is a common solution to the following equations P : y' + ay = ey, (0) =I, 
Q:y" + 2y' + ay = 0, Find the value of a and hence find the general solution of Q. (QT JAM 2614) - 


i : : . Z . : bl : 2 © - 
oe: The general solution of the differential equation with constant . coefficients 3 +b +ey=0 


approaches zero as x —> 0%, if a —— eh BOM. o Dee  . (aT JAM 2016) - 
(A) b is negative and c is positive ' (B) bis positive and c is negative 
- (C) both b and c are positive | (D) both b and c are negative 
| ry wae 
“on Cénsider the equaHOn ofan ideal planar as given by: =- -sin x, where : x denotes the angle . 


of displacement. For suffi cen. small an sie 


f displacement, the solution is given by (where a, b are. : 


-constants) . a a “(CSIR UGC NET JUNE-201 
(A) x()) = acosht + bsinht ca a ey tae! (B) x) = a+ bt ; ees 
. ce) x(t) = ae + be™. 2 - moe a . * @) x¢t =a cost +b: sin fee oe 
4. If Ia then the value oh x) is 2% “ees SS ATE) , 
aren i x logs. to i. 
7 “(Aylog x sae a 7 ) ze wet 


Sos | an Let v6) = oe and v5) > x ac fore € R Consider the following statements: 


dy 


. wm: v3) iad dy, are linearly independent solutions of x say i +6y= on k R. 


i £4) = The Wronskian (0) F2@)- yt @= ) ) forallxe R, = B, fy Pee a 


we, Ca Which of i hold: TRUE? ea See 
A Poland Q.: @ OE MO Only S(O) Neier Pr 2 
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§ 2.7. INTEGRATING FACTOR 


Definition: An integrating factor of a d. ifferential equation is that factor such that if the equation is ‘multiplied by 
it, the resulting equation is exact. 


Rules For Finding The Integrating Factor 


Rule 1. When the coefficients P,, P), P,..., P,, are of the form kx or the sum.or difference of the terms of the said 
form, then x” is the integrating factor. 


Rule 2. When the coefficients P, Py PF psych OPO trigonometric functions, then by trial we shall obtain some 
trigonometric function as the inteanaling Jactor. 7 


§ 28. SIMULTANEOUS DIFFERENTIAL EQUA TIONS. 
d 
A pair of linear differential equations a +ax+by= f ) and ms +cx+ ae OM 
t 


(a, b, c, d are constants) is called simultaneous linear differential equation with constant coefficients, 
here x and y are dependent variables and t is. an independent variable. 


2.8.1. Working Rule: 
(i) Eliminate one of the dependent variable say y from given equations. 
(ii) After eliminating y, we get a linear differential equation in x and t, which can be solved to get x= Ce 


(iii) | Now putx and © in any of the given equations, to obtainy=(t).  * ~* 
dt , 


_ (iv) x =o t) and y = (L) gives the required solution. 


_d 
Example 1. Solve “ =—wy and = = Wx. Also, show that the point (x, y) lies on a circle. 


Solution: We are given the system of equations:- | 


dx 

—twy=0 

as 
: D) p= 

dt. 

We.can-write this system as ok 

“Dx twy S00 Cy A ee 

Be _. (ii) whereD=— > > 

wee Dy =O Gayot, POOR Gs . 
We operate Don (i) and multiply (ii) by W, we get D? EY <4 efit) . 
: eoWeee wDy = =0 eee ur on 
~ Odes these two equation we get (D? Ps w *)xs 0 Ree as & oe Bone 


It’s auxiliary equation is m +w =0 > m= wi Sends 
So; solution i is x= a cos wt they sin wt . (v) where c, and C; are arbican constants 
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Now A =-c,wsinwi+c,wcoswt ... (vi) 
t 


Put (v) and (vi) in the equation a =~—wy then —c,wsin wt+c,wcoswt=—wy | 
, 


or y=¢, sin wt - -C, cos wt an ...(vii) 
(v) and (vii) gives the required solution. 
On eas and adding (v) and (vii), we get 


x’ +y’ =(c,coswt +c, sin wt)” +(c, sin wt—c, cos wt)” 


x+y’ =c He= =| +c2)2P which is a circle . 
_ So, the point (x, y) lies ona circle. - 


Example 2. Solve a y and Go +x 


/ 


“Solution: Weare given B= y 3 (i) and = 2y+x | © cht) 
, 


| From equation, (i) Sadi [o =fat 
| y 7 
log y =t+tlogc => log y = loge’ i >y=ce a ... (iii) 


Now from equation (ii), Body tx Da deel 41 
t aie 


> dt =%=2ce’ 7 ue is a linear aijerentas equation. 
; t 


LF:=e fa =e", so the reqiied solution is xe" 27 = Ace e “a6 


xe" = Qct +, Ste aue! +ce 


‘So x= 2ete" +c e' and y= = ce! are the eauited solutions. 


dx dy dy 
Example 3. Solve +2 42x xty= 0, Dae 0 . 
dt dt dt ; 
- Solution: We can express the given system of a ‘as: sD +2)x+(D+D)y= 0. 2 


5x + (D+ 3)y =0 : ww (it) 

xd Multiply (i) by (D +3). and (ii) by D+) and then on n subtracting Voge te 
be fee (D +3) (D+ 2x- 5D x= 030 ae 0. i. ae oe 
Its AE is mt? +1 =0 ams =i pe x. | a Soak 

- Sox=c, con Ge a er (iv) 
ae sint tc, cost S 2 toe Ce A re re: 6) | 
Ce a a ee FE A 


i» de NE pt eee Tas, eae iar 
. <-3x=2 2 Otay yn | S23 
: ° siting @ from ( 7” we get a 3x= y= -0 om y "at x y= =] dt | 
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Put the values of x and . from (iv) and (v) 


y ==f c, Sint +c, Cost ae cost +c,sint)| 
y= le. —3c, te (c, +3¢,)sint} ~~ | ...(vi) 
Hence i iv) and (vi) gives the required soln | 


-. 3 d’ , d’ . . 
Example 4, Solve — 7 3r—4y+3=0 and a +ytxt 3 =0 
dr dt’ 


Solution: The ven system of equations can be written as s (D*- 3 ie — fy = =-Z me 


and x + (D’ +Dy=-5 ...(ii) 

multiply equation (i) by (D’ + 1) and second ay 4 and on are (D’+1) (D’ Je ag. .Y 

==(D’+1)3-20 . ; 

=> (D’— 2D’ + Ix =-3-20=-23 . ye 4 
=> (D'-2D’ + Ix=-23 _ * a : (iii) 


Its auxiliary equation is (m’ -1)’ =0 > m = 1 i 4h I 
CF =(c, te,pe (65+ cpe* 
~23 Or —23 


=e = =-93 
(D’ =1)° 1 
So, solution of (ii) will be x=(c, +,f)e Heptaie” ~23 Say): 
Bete +c,e'~ (e, toye" +c,e" 7 7 7 ; ” ---(v) 
ax ’ t : : -t - oot ; Ayt 
ae +c,6)e +2¢,€ TAGs Fede “20g * bes,  o a aU 


‘ : "72 
Now from the given first equation y -\- 3( in] . 


2 , 
Now, put x and > from (iv) and (vi) 


y= ale + Cyt er + 2c,€! + (C3 + cyte" = gs CG, +c,te’ + (6, +¢,t)e* - 24}] 4 
y=-tletane He toget}+s rd “eee ee 4 ete .-.(vii) ' S per? = 


> So, 6) and (vii) gives the ride solution. 


sneer #, & Solving Homogeneous system: of. differentia equations with constant coeffi icients by using Eigen’ 
-. Values. | 
_ The homogeneous. system of di iferential equations of the type 
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, 
X, = A,X, +), mont ta x 


Inn 


} 
Xq = Ay X, + Ay)X, +..+45,%, 


Xi = Ay X FAX, +... a where a,'s are constants V i, j 


. {Ar G2 + Gn x |x, 
It is equivalent to system X' = AX, where A fr i Gn and x’ 2) X= a where x= 
Pras & ; ; I: , 
ay Oy | Gan x, | x, 
It can be solved by using eigenvalues and eigenvectors as: | 
Method to solve: 
a Form simultaneous homogeneous system of equations to the jini xe AX 
2. _ Find eigen values \,of matrix A . 


3. If V A, algebraic multiplicity = geometric jinaldiplieity, then find eigen vector X, of each eigen value Xr, 

The solution of the system is X =ceX,+c,e"'X,+..tceMRe 
7 Or . 

if for a eigenvalue i, algebraic multiplicity - > geometric multiplicity. 
Then 

(i) Find possible linearly independent eigen vectors of X,. ; 
Let algebraic multiplicity is m and geometric se is n, where m — n=p, m>n, or 
p>0,m,n,pEN - 
Find m linearly independent eigen vectors then we are to find remaining p vectors 


| ii) =“ Solve |A- AJ|Y, = X,, where X,is eigen vector of i, find Y,. 


(iii) . Solve |A - a Y,=Y,and find Y, and soon - 
S0,-we get Y,, :.., Y, vectors - 
Now, the solution of the system is is . 
. -I 
@xXes =) ee" ‘x, rhe (OK, FY +b; fa X, +1, +s teh x, + yey | 
2 2! 2 phe (p= D! ; 
where cand b, onby a are, al constants | “ge & 


te Bante 5. Solve the aster gi equations’ x =x +x, and x= = 2x, 


ie ae tee | any te ¥ 5a {t 4] 2, 
. “Solution: It is equivalent the form X= ae Le. ‘lo 2 


Consider eee A: me ie 


| The eigen values of A are 1, 2. ; (by solving \A - il = 0) 


[% % 
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. Leth, =1,4,=2, let X, be its eigen vector 
_ Fork, = I, solving (A- 1) X, = 0 


bibHel=n=0 


: , {1 
__ Eigen vector is X, A corresponding toh, = 1 | 


For i, = 2; let X,-be eigen vector. Then (A — 21) X, = 0 


‘{-11 y|_}0 
‘1.0 Oy] Lo] P4792 = P= ¥ 


: 1) 
- Eigen vector is X, A corresponding to eigen value i, =2 


, rn . Dl: gl i 
hence, the solution is X =c,e'X,+c,e"X, =ce|_|+coe"| - a 

; | 1 2 2 - 0 1 . 
=>x,=c,e' +c,e" and x, =c,e"" are required solution - 


Example 6. Consider the system of differential equations x. =%, X=; x =x ~3x, +3,, 


, 


ie. 010) |x 
Solution: It is equivalent to the form X' = AX, where x % => ASO 0 1) X Sx, 
SoRAe Ue CS. e leas re |e 


For matrix A, the eigen values of 7 A are. e given by equation |A - ML= be 
on solving, we getd., = 1,4,= 1,4, =1 © 
eae For fi nding eigen vectors X, corresponding toh, = = put (A- YA =O: 
1 -1 1 Olfy,] [0 . 
0-11 \»|= =|Q|, where rank (A-I) = 2° 
. See y, | |0 
J Geometric multiplicity of i, = 1 is 3-2 = iD 


_ (.” (By Rank Nullity Theorem, p(A)+nullity A = no. of columns) 
Geometric multiplicity < Algebraic multiplicity 


NENT O LT a ate Tet Mag fT te 


=> only I linearly independent Hee vector exists corresponding. to = = ele 


rere ne nse rR A REN TE THETA AW 


; “A- AY X= 0 | 
on solving, we , get X, =|1| ie eigenvector of h,=10.. 


. To nd other two jectrs solve (A DY, =X; whee xh 


P | isto be find out 


$2.9. 


2.9.1. 


DIFFERENTIAL EQUATIONS CHAPTER - 2 


—] - 1 =| 


on solving, we get y=! Q| fonsolving ¥ =|1|y,+| 0|, ignoring I” part } 
1 . hid 1d) 
For Y,, solve (A - DY, = Y,, where r, = 1 
1 
"on solving, we get Y, =|0 
: 0 
fil ind ea bs i], [-1 l 
The solution is c,e'|1}+c,e'J]1]t+| OlS+e,e'{f1j—+| ole+[o 
fd 1 1 1 | 1} {0 


This is the required solutions: 
VARIAT. ION OF PARAME T. ERS 


Let y"+ Ry’ + Sy=Q cive CL) 

where R, S and Q are functions of x, be any given linear equation. of the second order. When the 
complementary solution of (1) is known or can be found, we proceed as under: . 

The corresponding homogeneous equation is y" + Ry' + Sy = 0 i (Z) 28 

Let y = c,u + c,v be the general solution of (2) and hence the complementary solution of (1) where u, v 
are Jeearky independent functions of x over an interval, say L. 


Let us seek a particular solution of (1) by considering y = Au + By . (3) 
where A, B are functions: of x, and determine the functions A, B-so that (3) is a solution. of (. ). 
Differentiating (3) w.r.t. x, we get 'y'= Au'+ Bv'+ Aut BY we (4 


Now, instead of-being involved in the derivatives-of order higher than one of the functions A ad B,we | 
choose some particular functions of A'u + B’v. 


For simplicity, we choose A'ut+B'v=0 | +2 ©) 
Then (4) becomes y' = Au' + Bv' . . (6) 
Differentiating (6) w.r.t. x, we get, y" = Au" + Bv" + A'u' + BY .. (7) 


- Substituting the values of y, y' and y" from (3), (6) and (7) in ( i we get 


(Au" + By" + A'u' + BY’) + R (Au' + By!) + S(Au + By) =O 


- or A(ull+ Ru’ +.Su) +B(v'"+Rv'+Sv) +(A'utBV =O | ... (8) 
_ Buty, vare (particular) solutions of (2). 


"ul" +.Ru' + Su=0 and he ae =(Q: | 


= Therefore, (8) reduces to. A'u veo a | 7 2 — oo se 


Now, the eqitations (5) and (9) will have Solulions for A’ and B' provided |" lt 0. 


But this determinant is precisely the wronskian of the functions u, v. ~~ the functions u, v are 

linearly independent over I, therefore, wronskian of the functions u, v is non-zero over J. Therefore, the 

=s: equations (5) and (9) are solvable for the functions A’, B’, and by integration we can obtain the 
| functions A and B. 
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Thus, the equation (3) will give us a particular solution of (1) and hence we can fi nd the general 
solution of (1). 


Remark: The bese procedure of finding a particular solution is called the method of variation of parameters. 


‘Example 1. Solve Sy aye +y= =tan x by the method of variation of parameters. 
Solution: The given equation can be re-written as (D+ ly=tanx .. (1) 


: “which is isa a particular solution 2 ( ] ie 


2.9.2. 


. E The general solillion of ( i yi is = ¢ cos x + C, Ssinx + si - log 


The corresponding homogeneous equation is (D’ + Dy= 0 : anda) 
It's AE. is m+1=0>m=ti a 


‘. the complementary function of. (1 )isy, = C,cosx + C,sinx 
Row we seek a particular solution of (1) by variation of parameters. 


Let y=A cosx+Bsinx meee ; 
Differentiate (3) w.r.t. x, we get y '=A’cosx+B" sin x-Asinx+ Beosx (4) 
We choose A'cosx +B'sinx =0 , ee) 
(4) becomes, y'=-A sin x + Bcosx me) 
Differentiate wrt. x; y"=-A'sin x+B'cos PRS SIN X rs ce) 


Substituting the values of y, y" from (3) and (7) in (1),. we get 

~A'sinx+B'cosx-Acosx —Bsinx+Acos x+Bsinx=tan % .. (8) 

or —A'sinx + B'cos x =tanx oe 

Next, we find values of A' and B' from (5), (8) 

Multiplying (5) by cos x and (8) by sin x and a we get A’ (cos’x + sin ue 0—sin x tan x 


.. A’ = —sin x tanx 


Again, mudplying (5) by sin x and (8) bye COS X and adding: we eee 
".BYsin’x + Cos’x) = cos x tanx or B' = sinx 


ioe , Oo 
Now, Als sin x tan x =" = tae =f ; ~cos | 
COS X ~ cos x COs X 
A' = COS X — S€CX.- Y 4 a 
On integration, we get A = sin x — log al 2 4) — te 
ie pee ee no padiistes 1a ne te ed 
. Putting values of. A and B is eG) i we £ = As -log tan (= 3) | COSX—COSX sin x 


| COSX—COSX Sin X 


| (n x iy 
tan +—, 
oat 745) 


An alternative approach 
hat Method of variation Of; parameters i is giuite peierdl and applies | to ae 2 - aol 


MW where P. and X are re funhons: off x. It gives P. L= PW yor ay; le yiX dx, OD). (2) 
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where y, and y, are the solutions of y"'+ py'+ qy = 0 . ... (3) 
and W = Mt, 0a is called the Wronskian of y, Yr 
Vis 


Proof: Let the CF. of (1) bey =cy,+ cy, 
Replacing C, C, (regarded as parameters) by unknown functions as and v(x), let the P.L.be 


y=uy, + w, i (4) 
Differentiating (4) w.r.t. x, we get y'=uy', +vy', t+ u'y, + vy, >. ry Oo) ee 
y=uy', ty’, me ()) 
On assuming that u'y, + v'y, = 0 el?) 
- Differentiate (5) and substitute in (1), then noting that y, and y,,; satisfy (3), 

we obtain u'y', + v'y', =X ... (8) 


Solving (7) and 4, we get u'= Vk, pis VX , where W=y y'py,y', 


= 


ting, tu=— [YX dy v= (VX dy. 
On integra ing, we get u J a dx, v j m1 dx. 
pate these in (4), we get (2). 
: ; fy. 
Example 2. Using the method of variation of parameters, solve be + pe “tan 2x 
x 


Solution: Since given equation is (D’+4)y= tan 2x. 
(i) - Tofind CF. It’s AE. ism’ +4=0 +. m=+2i. Thus CF. isy =c, cos 2x + c, sin 2x. 


(ii) - To find P.I, here y, = cos 2x, y, = sin-2x and X = tan 2x 


_{|¥1 Ye} _ | cos 2x sin 2x | _ 
lv V2} 2 sin 2x 2cos 2x 
Thus, PI. =-y, YaX dy + WX de =cos2x f Sinex tanex 4 : 2 cos2x tan2x 1 
u nae ye cos2x [Se dx ee de 


= ~5 60s 2 | (sec 2x —cos 2x) dx + isin 2x J sin 2x dx 


= ~700s oe [log |sec 2x + tan 2x| — sin 2x] ~ sin 2x cos 2x = ~1c0s 2x log |sec 2x + tan 2x| 
: 4 . 


Hence, the CS. isy =c, cos 2x + c, sin 2x ~7.0s 2x log \sec 2x + tan 2x| 


3 : Example 3. Solve, by the method oe variation rah parameters, y" ~2y! + y= é logs 
’. Solution: Since given equation is (D’ -2D-+ly=é logx ° 
' fi) ~~ To find CF. It's AE. is (m-1)’ =0, 


=> m= 1,1. Thus: CF. isy = (co, + ox) & 


_ (i) To find PL _ 
7 Here y, = é, yy = xe and X = e log x 


Sa Sueceniinentine cane r 


snrrenes 


Sgr eer a rsh rey egret 
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2.9.3. 


x 


. W= "1 Ye} | xe : 
- {y's Yo} je* (1+x)e 


= YX y,X x f xe*.e* og e*.e* log x 
thus P.L. y, | i a y, | p dea f oar xe [ de 
_ ‘ x. rs 3k a 1 ox 1 
=-~¢ [ xlogx dx + xe [eaeeeon [ag-f! a} [xlogx J 2c 
7: x x? x? ; x ; _1 2 x) 

_ =-e | —logx-—]| +.xe &« logx—x) =—x‘ & (2 log x — 3) 
[2 4 sae : 
‘Hence, CS. is y=(c aa 1 (2logx -3). 
Method of undetermined coeffi icients: 


To Find the Pl. of f (D) y =X, We assume a trial solution containing unknown constants which are 
determined by substitution in. the given equation. The trial solution to be assumed in each case, 


~ depends on the form of X. thus when 


(i) X= 2e™, trial solution = ae™* ; 
(ii) a =3sin 2x, trial solution =a pied + a,cos2x 
(iii) © X=2x’, trial solution = a, x4 ay +A,X+Q, 


However, when X=tan x or sec x, this method fails, since the number of terms obtained by 
differentiating x = tan x or sec xis infinite. 
The above method holds as long as no term in the trial solution appears in the C.F. If any term of 


7 the trial solution appears in the C.F., we multiply this trial solution by the lowest positive integral 


2.9.4. 


29.4, 


power of x, which is large enough so that none of the terms, which are then present, appear in the C.F. _ 


Linear Ordinary Differential Equations of second order: with variable coeffi cients: 
Qy = ; (Ll) 


An equation of the form a + are 
where P, Q, Rare functions of x ont is ‘called Linear Ordinary Differential Equation of second order 


@ The complete ; solution when e one integral is known: 


Lety=u bea known nee in the © F of i ee ie, y=uisa solution of 


— d’y “eeai. ; a. i ¢ . 
ee ey 1 op, do he OB. poy ee 


abe dé: 5 dy d?y au. du dv d’y 
U. >: 2 =v 3 + tu 
dx. dx ax dx” dx dx dx dx 
du dudv . dv du — 


. hence a becomes v¥— + 2—— + u— +P| yu) Ou =R = 
eheo ee ae NES Ge 
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@ d’v_ dv(.d 
ult Af (2s Puls )f fe + pH ou- pnd (2 a R (from (3)) 


dx’ dx” . dx 
2 i : 
dx udx)dx u 
dv d’v dp 
Now putting — = p> ——-=— 
ali is ane dx . . 
Equation (4) = #.[px2H),-8 2 & ; > etal): 
dx u dx u 
which is linear with p as dependent variable - 
2. du 2 
LF.= Je ral ae a rs 
hence, solution of (5) is pu 26] = = {[E« Va la Rae ; 
; - J Pax. 
=> p=—Le [ene lel 
u 
([-Pdx 
Integrating, v = c, safttrans fa > [ Nee o ar] 
y = uv is a solution of (1) 
: - [Pax hs 
Second part of the complementary function is uj —-dx and particular integral is 
u Be : 
; gfe ; Jou] : - egies ts eee 
=u a [Re “axle oe 
2.9.4. (ii) To find one integral in C.F. is inspection, i Le., to find a solution of D’ y+ PDy+Qy=0 (D) 
“1. y=x is a solution of (1) if P+Qx=0 2. ya’ ‘is a solution of (I) if 2+2Px+Or =0 


3. y= e* isasolution of (1) if 1+P+Q0=0 2 Aye e* is a solution of (1) if 1- P+Q=0 
5. y = e™ isa solution of (1) if m +mP+Q=0 . 
6. y= x" isa part of C.F. if m(m—-1)+ Pmx + Ox’ =0 

| d’y dy 


a Ba near quale ae Cy =Q(x) A+B+C=Othen y=e* isapartofC.F. - 


 Beampted, £2 si) (42) = (0-2) 
ca dx? i ! 


Sees D> 


Solution: @y _Acsi) dy ot (=e 
ee: de Re he 
sree as 1- ate) , ee =0 ad is apart of the CF. 
x 


x 
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. 2 2 
Putting yoni Pa o[ Lav) aD eee PVN. 
dx dx 


Equation (1) > e [Stee ’ 2(x+ I) 0 “ay (x+2) oe _(x-2) 2 


dx x dx x. x 
x-2 
_@¥ Mf. sD), 2H 242). 
dv dx x Xx x *¥ 


- dp "| =) dv 
=>—+!|-—|p= = 
deo: 2X) x dx 


2 ie 
pee 
op _pxn2, pdx p2de_ 11 
oo =|———dr= _ = ae 

x x a x Xx x 
3 2 
=> p=ox —x4+1 = vse, to 4K 


2° 


ee ; 5 Sa 
Hence, complete solution is y = ve" =e c = a + ae + a : 


d’y 


7 dy - 

Example 5. Solve x— + (x - py mid -2y=x° 

dx a 5 aad 

ete . d*y (x-2)d p i 
Solution: Given equation can be re-written peaeans aa ba =ly=x* .- = (DD 
dx x Jdx \x) 
We have I-P+Q= =p 2222. 0 
KK 


> y= e “is a part of C.F...” 
 y=veis complete sohdion of (1) - 


: dy =x dv : d’y : es dv 7 
a abe de de dx” 


Evan = [fates = Li [e-v)-20e =x" 
2 


ro dl cad). 32 ee dp (x42). sosail sae i 
yp | 7 [te I-A ae Ee pay’ e* | 3s 
dx. a x af x " x oh dx P| 


2.9.5, 


> p=cret+xe =>v=c,+ [xetdx+ ¢,| etd 
= 64x" ~ [3x*e*dr +c, | xe*dx =c,+ xe +(c,- 3)x7e* ~ | 2xe*dx] 
=c, +x°e* +(c, -3)[x’e* —2xe* + 2e"] 
=x'e *+(¢ eas —3)xe* + 2(c, - 3)e* +c, 
- ysve Fag? £(¢, +3)" = ee ky alee 


Removal of the fi irst derivative (Reduction to Normal = 


; When unable to obtain a part of C.F. of solution n of = oe (1) 


Put y=uv wheats some function of X. 

dy dv du .d’y dv  .dudv du 
— =u FV ond Su +V 5 
dx dx dx dx” dx dxdx dx 


d* d dv d’y du | 
as eA ae emda oh yew] +Quv=R- 


2 tH ae 
dx dxdx dx dx 
dv [,.2du] dv [du du | ae 

=> u— +] P+=— |u—+v| —+P—+Qu|=R , seanl2) 

| 2 |e “+0 ee * : 
Now to remove the term of the first derivative e (2) we choose u's. t. 

P (=| Pde 

pee ot 265 can ye =0 >uRe? : 20) 
_ u dx UW 2. tae 

d’y vid’u du ‘R . 

2) >— +— +P—+ (4 
Q=G | * of 7 (4) 
et du 1{[ du dP] du 1f-1., dP] 1.5. uaP 
<= 7=— a} P——t+u— |= Ss-—| = Pu tu S| =— Pe 
de. dx® 2, dx dx | de? 2 2 dx} 4 dx 

dy [t_, 1dP 1 | oR | 
Ajay EV l= prt Fp 
OS eg ggg Fee 
d’y Pp? 1 dP Noa d’y ; 
Sarr 14}0 ; ra Re met t= - (5) 
: dP Pp? el 
which is is in normal form v where X= = oo eee ey = Re? ye 
: : 2 de ‘ 4° oe ee 
Example 6, Solve éy dh a 0 ~~ ee Sy ; ay 
de de de ae in ee ee ee 


Solution: Since sum of the coeffi cients is zero One oft the solution of ODE is is y = é i 
 Letv be another solution of (1) ; 


_ Then putting y = ve* in (1), we get 
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2 2 3 3 238 : 
AA CA a y=? ep iy eee BV Ae Va. 
dx dx dx 


dx dx dx? dx? dx : dx? . 
equation (1) ne or 

%» dv dv d’v dv 
>e"| — +3— +3—+v|- +2—+vle* —e*|}v+—|+ xve* =0 

dv dt dx dt del 

dy 7. \d’v dv . a a . Moe 
=> Et B-x) 7 t+G-2x-1) = 0 = Sr tG-x)+Q0-2x)p=0  a(2) 
dv 

where p =—-) 
( er 


hence P = 3-x, Q= 2-2x and (-—2)? + (-2)(3-x)+ (2- Wels pHe sa solution of (2) 


ee .. dp __y,| dq a’p_ 4, d’q._ , dg 
Putting p= qe*in(2) > =e {2 and ——=e*} —4_ 4-444 
pc ae Ml aaa dt dx? ax! 


‘ 2 : a : 
=> on St -4s tas (3-x) ow a 24 |42- 2x) qe" = 


dx? 
d 
Let u = 2 
dx 
du | ie ne - Paes 
Then ae => log-u=x+ rai log c, > uU=ce =q=|u n= | ge +¢, 
s - 4 . 
op Seay aes os Ba, oe ; gk a : F 
“pre Js +o" =v=| pdx=| e** | ce *dx dx+|cedx+c, ; 
7 er we 2x — 2x 
nf fe dx-| —e"e ay +o,fe dx +C; 
Litiee ipers | | 
=¢ -5e*Je tacts drole dec 


eo, pea 


: 1 _ i. 1 aM. a Ae . 
Hence y = ve* =yaq|-se*fe. 2 dx+—e' le ?dx| ——c,e* +c,e", 


“+ which is the required solution. 


- § 2.10. WRONSKIAN. 


| ak. | 
X,(t) 
(CSIR UGC NET SAMPLE EPAPER) 


ery solution is periodic: = 
ere. exists a non on periodic. solution: . 


2.10.1. Definitions: 


(i) 


. (ii) 


7 Consider n vector functions Bidar : eis by 


gay =|™ 


fp fy +» S, we m given functions ard c, C,,.:, Cy, are m constants, then the expression ae | 


c th La Pa Code is called a linear combination of the functions fr fy - “Sor 


“oO 
Wronskian of n Vector Functions: . 


- cr (t) . = 1%: (t). : a (| 


(0) 80 Fa ie | O1R -. Da aD) 


; (0 | Laat} ie loca) 


saneren a RRr nner eee te 
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Ai Ay. <" An 
‘then, the nX n determinant defined by Oy Pr <, on : ise(Z) 
%,1 Pr, ose Pan 


is called the Wronskian of n vector functions 0,.Dys- 0, itis denoted by WGoBroes é, ), and its 


value at t be denoted by WG,.9 10, (0). 
(iii) . Wronskian of n Functions 


Let f,, fy ... f, be n real valued functions, each of which is differentiable at least (n — 1) times in the 
he : i 32 te 


interval asx <b, then the determinant _ is called the Wronskian of then — 


po 1) ae . fe 
functions and it is denoted by WO, i St). 


Theorem 1. Consider the LDE of 2" order Pi (xy + P(x) yt Piy=0. ytd) 
where P,(x) # 0 and P,(x), P(x), P,(x) are continuous Junctions of x € [a, b]. 
(A) Then two solutions y, and y, of equation (1) are L.L. igw (Vp y¥) FOV xe fa, b} - =a 
(B) Two solutions ae analy: of equation (1) are L.D. fw Op yd =OVxE fa ue 


Note: (1) Ii given that y, ay y, are two ‘olalions of a differentia equation a and D.E. is not given then 


if Wiy,yj)#O = y, andy, are LI. and 
if Wy, y,) = 9, then we can’t say anything 


Remark: A oe of. Junctions can Be independent even ik their Wronskian i is fdenlically zero. 
e.g. X * x |x| in [-1,1] 


Theorem 2. If y,(x) and y,(x) are two Sas for which Wey, % se 0 O for each x in an interval.I then each sub 
interval 1, of I contains a sub interval Ve over which ea and Ye. are i al 


Theorem 3. T fe. Wronskian of the. two ) solutions af the equation P, (x) y" “ P; ‘iy y ov P, (x) y= = is ithe se 


identically zero or never zéro Vx € [a, b] [where Py (x) #0 and Pee) P(x), Ps) are continuous _ 
_ functions on the’ given interval] 


Results: Consider the differential equation P,, (x) y HP, (3) y +P,(x) y=0c onx€ [ab] . aD! as Be so 
: where P,(x) # 0-and P(x), P Go), P,(x) are coritinuous functions on [a, Ja = me 
Let y and y, are the solutions of the di iferential equation then 
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(1) — Ify, and y, have common zero at a point x,E [a, b] then y, and y, are LD. 
(2) — Ify, and y, have relative maxima or minima at a-common point, x, € [a, b] then y, and y, are L.D. . 
=> y, andy, have maxima/minima at common point. 


(3) Ify, and y,are LI. solutions of (D) and y “(x)= =0 and y,, (Xp) =0 then P(x,)=P,(x,)=0. 
.(4) Let ff, f,} be the one set of two LI. solutions of equation (1) and let .{g,, g,} be the another set of L. I 


solutions of (. i ), then there exists a constant c #0 such that WO pf) = W (gp-2;) 
(5) If y, and y, are LL. solutions of equation (1) on [a, b]. A function f (x) = M1. defined on [a, b] such 
a fa a) an 
that V2 #0 on [a,b], then fis monotonic on [a, b]. 
. (6) If y, and y, form a fundamental set of solutions of (1) on - 2% < x < © then there is one and ily one 
(i.e. unique) zero of y 1 between the consecutive zeros of y, and vice-versa. 


7 
2.10.2, Abel’s formula ° 
This formula is applied when Wronskian is given at one point oe we have to find Wronskian at any 


another point. If y, and y, are two solutions of the equation P, (x) y' "4 P(x) y' + Pjx)y=0 .(D) 


7 [where P. (x) # 0 and P,(x), P(x), P(x) are continuous functions on the given interval] 


fae 


then W(y,,y,)=ce "where c= W (y,y,) (x) and x€ interval © 


ay: 
x 


=I, 


xO 


Examples 1. Let y, and y, are two LI. solutions of xy"—2x'y' + ey = 


ayy 

dx 

. Solution: Given D.E: is xy" ~ 2x’y'+ & y= 0 
Ba) 
By Abel’s formula W(x) =ce oe 


~2x? . . F 
I ore sts > W(0) = 2 . 


Ba wot “fet? ‘ee aes mie )- 


=1, then W(2) = 


Pt) 


de 


W(x) = ce 


* from (I) and (2) we getc =.2 ae : 2 oe 
=W)=ce = W0)= Oe" SWQ)= =954 


. uni 2 thee y, and y, B two LL solutions ofy’ y' ‘+sin xy= = 0; 0 ae < i and let we w 6 . yy) 6) den . 


(A) (x) #0 on [0, ie a a _ B) g's) < 0-0n [0, I] 
Og vanish. at only. one point se [0, I a 28 (D) g' vanish at all points of [0, 1] 
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Solution: As y, and y, are L.I. solutions, so theorem is applicable here. 
Since Wy, y,) #0 Vx € [0,1] => g(x) #0 on [0, 1] 
=> Option (A) is correct 


AO y, 
Also, by Abel’s formula W(x) =ce Tro =¢ (say) 


=> W)=c Vxe€ (0,1) 2 W) = 0VxeE « th. = oa 0 “Wxe [0,. i] 
= ODEON (D) is correct. 


| PRACTICE SET - Ea 


Te Consider the ODE..u"(t) +POn' ()+O(Hu(t) = RO), te =[0, iF ‘ 7 
. There exist continuous functions P, Q and R defi ned on I 0, 
such. that the Wronskian W of u, and u, is 


(A) W)= 2-1, OStS1 
 (C) W(t) =cos2at, O<r<l 


zeros of yo) in (a, b) then a 
AA) d= (B- aMo (9) is.con ji 
es 


- ge ond Me = Set, then the value sof 0) is. a 
of Q): ee 


“Oo vive 


o wy Yay i “yaa ce dD). syeey 


ae 7 11. ORTHOGONAL TRAJECT ORIES- 
~ Two families. of clrves such that every member of either fainily cuts each: member of the other. family'¢ at 
“right angles are ‘called OHnCEOne! trajectories of each other. 
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_ The concept of the orthogonal trajectories is of wide use in applied mathematics especially in field 
problems. For instance, in an electric field, the paths along which the current flows are the orthogonal 
trajectories of the equipotential curves and vice versa. In fluid flow, the stream lines and the 
equipotential lines (lines of constant velocity potential) are orthogonal trajectories. Likewise, the lines 
of heat flow for a body are perpendicular to the isothermal curves. The problem of finding the 
orthogonal trajectories of a given amily of curves depends on the solution of the first order differential 

: equations. 


2.11.1. To find the orthogonal trajectories of the family of curves F(xy,c)=0. 


=) Form its differential equation of the form f(x,y,dy/dx)=0 by eliminating c. 
(ii) Replace, in this differential equation, dy/dx by — dx/dy, (so that the Pee of their slopes at each point 


of intersection is - = ) such that " #0 


. (iii) Solve the differential equation of the orthogonal trajectories, i.e. oe duly - 0. 


Example L if the stream lines (paths of fluted particles) of a ‘flow ‘void a corner are a = constant, find their 
orthogonal Se as 


Solution: Taking the axes as the walls, the stream lines of the flow around the corner of the walls is 
xy=c — ...(i) 


Differentiating, ie get, wax’ + y = 0 © ...(ii) as the differential equation of the. given family (i). 


dy dx . af tee, Se te 2 
Replacing .—=~ by -—— in (ii), we obtain - - 
ai Ba es (ii) 


dy 
as the differential aes of the orthogonal trajectories. 


Integrating (iii), we get x y = ¢ as: he required orthogonal Pilectiries oft). ie., ., the Sunol 


x{-G)ey=00rxde—vamo . Se | : ... (iii) 


lines, : . ; 
% . “2 y? 
. saree a 2. Find the ortagonal trajectories oft the e family of confocal conics — + Pad =1, where i is the 
| _ parameter. . ; 
eee 2x: ay ie Waar oy Ss 
Pe. Solution: Differentiating the given equation we ae — Nat a ; = or: 2 — or 
tak a te b’ +A dx . Fal a’ (dy! dx). 
y¥ oe be yy _. 
bd a (dyl da): + 
: Substituting. this i in’ the given equation, we gel, — Bie 5 SUSE =] or (x° ~ aD =xy ..fi) 
. a’ a’ (dy/dx) dx 


. . which is the differential equation of the given family. 
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Changing dy/dx to —dx/dy in (i), we get (a’-x’) dx/dy = xy as the differential equation of the orthogonal 
trajectories. 


. . ne} 
Separating the variables and integrating, we obtain | ydy = | Gt" eee 


“or > a” logx- 51 +e or x’ + = 2d log x+ ro [. c = 2c] 


+ which is the equation of the required orthogonal trajectories. 


Example 3. Find ihe orthogonal trajectories of a system of confocal and coaxial parabolas. — 


Solution: ‘The equation of the family ay Ss parabolas having x- axis as their axis, is ak the form 


“2.11.2. 


@ 


‘i 


aa 4a(x +a) - (i) 


Differentiating, y 2 =2a . ; .. i) . 


Substituting the value of a from (ii) in (i), we get y’ = 2y B(x ; 2 


: : 2 es * ; . - 
»12., ed a et . 7 : a ; (ili) © 


as the differential equation of the family. Replacing ze by - fi in i, 
a4 


. : 
we obtain y | — aa “BE? = 0or re ay) + $270- y= , which is the same as (iti). 
eC) dx dx 


Thus we see that a se of. confocal and coaxial parabolas is. self- orthogonal, ie, each member of 
the family (i) cuts every other member of the same family auhagonally 


To find the orthogonal irajectories of the see F(r,9,c) = 0. 


Form its differential equation of the form Kir, 0,dr/d8) =0 by eliminating c.. | 


2248 


Replace in this di ferential equation, a, 
dé . dr 


; i ‘Sor the given curve through ue 8) tant) = = ‘rd6/dr and. for. the. orthogonal trajectory through p Dp 


1 dr. 


tanh’ = = Jan(90" +6) = scot = ede 


ra@Q- 


Thus for getting the differential equation of the’ ortiogonal' irajectories 


rst be replaced by-~ ee 


dr ee 


— is to be re, peed Bee Oe Seis 
pb to be replaced by 7? Jo 
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(iii) Solve the differential equation of the orthogonal trajectories i.e., f [> 6,-r? = 0 
r 


Example 4, Find the orthogonal trajectories of the cardioids r = a(1-cos 8). 


Solution: Differentiating r = a(I-cos 8) w.r.t @ fi) 
ne 4. | ae . 
we get —~ =asinO@ a; alti 
get | » (ii) 
Eliminating a from (i) and (ii), we obtain gle - = ain? = eae which is the differential equation ~ 
; d@ r 1—cos@é i 


of the given family. 
Replacing dr/d® by -r’ d@/dr, we obtain +(- r? 4 = cots or + tans dB =0 
—_ pu, SPAS sar r 


dr (sin(@/2))d0 


as the differential equation of orthogonal trajectories. It can be rewritten as —— = —-—— (6/2) 
cos 


Integrating, log r = 2logcos (8/2) +log c or r = c cos * (0/2) = 7 c(1+cosQ) orr =a (1 +cosQ) 


which is the equation of required orthogonal trajectories. 
§ 2.12. SINGULAR SOL UTIONS 


Singular Solution: _A solution that contains no arbitrary constant and cannot be derived from complete 
primitive by substituting particular values to arbitrary constants. 
eg. The general solution of y=xy'-y' is y=cx-c’. However, another solution is y = x’/4 which cannot be 
‘ __ obtained from the general solution by substituting any value for constant c. This second solution is a 
Singular Solution. For a relationship between the general and singular solutions consider the 
following graphical relationship. 


+ Referng to fi ig., it is seen that y =x —C’ represents a family of straight lines singer to >the parabola ; 
eae “/4. Ue dea is the cecne of the ee of oe lines. : 
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The envelope of a family of curves G(x, y, c) = 0, if it exists can be Sis by solving simultaneously the 
equations 3G/dc = 0 and G = 0. In this example G(x, y, JD=y-ex tc? and dG/c = -xt 2c. 
Solving simultaneously —x + 2c=0 and y — cx+c’= 0, we get x = 2c, y=C’ ory=X/4. 


Envelope: A curve which touches each member of a family of curves and each point is touched by some 


member of the family is called the envelope of the family of curves. 


Complete primitive (General solutions) and Singular solutions: If family of curves represents the complete 
primitive of a differential equation of jirst. order, then envelope represents a singular solution of a 
differential equation. 


Discriminant: . 
(a) _ A discriminant of a quadratic equation ax’+ bx +c =0 is b’ — 4ac. - 


(6) If (x, y, ©) is the solution of the differential equation f(x, y, p) = 0 then 


(i) p- discriminant is obtained by eliminating p between f(x, y, P) = 0 and > = 


(ii) c- discriminant is obtained by elninaling c between O(x, y, ca 0 and nd SP =0) 


r ac-locus: p- discriminant gives equal value ap p, these values may belong to two curves of the system that are 
not consecutive. The locus of such pons is called Tac-locus. 


. Nodal-locus: c-discriminant gives equal value of c, but these values may belong to nodes (double point with 
_ distinct tangents) which are also ultimate point of intersection of. consecutive curves. Locus of such 
_ points is called Nodal- locus. 


_Cusp-loeus: c+ discriminant gives equal values of c but these may belong to the cusp (i.e. double point with 
coincident tangents), which are also ultimate points of intersection of the consecutive curves. This 
locus is called cusp locus. 


e The p- discriminant equated to zero may include the envelope as a factor once, the cusp locus once and ° 
- tac-locus twice. (p ~ ~ ECT = 0) 
@- Thee ‘discriminant ‘equated to-zero may include’ the drielope’ once, the a locus thrice Ge nodal 


locus twice. fe a EC'N’ =0) 


- e : if (xy) = Ois the Sua solution, ihen en 6a) 3 is gue a as ofbo both ea discriminant and 


a e C- discriminant. 


7 0 obtain he Gavilan slaéon Fy, the Clairaut? s equation Le y=pxt fet , we jrikeod as follows: - 
Wi ‘Find the general solution by replacing p by cie y= cx + pelo te 


a Wi) 7 Differentiate this wert. c giving we get x +f (p) = 0. 


py » Eliminate: C Mad these equations to. get singular. sclunor 
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Example 1. Solve p = sin(y-xp). Also find its singular solution. 
Solution: Given equation can be written as sin’'p = y - xp or y = px + sin'p, which is a Clairaut’s equation. 


*, its solution is y = ex + sin'c. fi) 
To find the ee solution, dijerentiate (i) w.r.t. c we get, D=x+ (ii) 
l-c 

To eliminate c from (i) and (ii), we re-write (ii) as c = [ (-1)] wa 

Now, substituting this value of c in (i), we get y = [@-1 i +.sin’ {[(-1 yh}, 

which is the required singular solution. 
Example 2. Find aie solution of y? —2pxy+ p *(x? -l)=m’ 
Solution: The given equation can be written as (x*.-1)p? —2xyp+(y>-—m 2) =: mr eg) 


or (px—y)? = p? +m’ or y= pxty(p’ +m’), which is the Clairaut 's form 7 
Hence, the general solution is 

y =cxty(c? +m’) . 

(y-cx)? =c? +m? 

or'c ges —1)-2xye+(y? -m’) =0 © 
Hence ae 0 and @ both x and c-discriminant are 4x?y 2 _ A(x? ~ iy? -m?) =0 


or y’+m’x? =m’ which is the sa isaac 


PRACTICE ser 4 


(CATE - 2008) of 


y. oe x oF ay = = =), ep. are given by. ye cx, 


ses. bese ©, 1): hd. intersects. ae curve.. of: the. fm pox. . | 
0 p SSeS through. the point i ie ta Gee: | (GATE-2016) 


@ ah v2 Me OD c Oi y 


(ComRU UGCNET J INE 2015) 5) | 


i x+ We 


ss 2011) i 
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§ 2.13. REGULAR AND IRREGULAR SINGULAR POINTS 
A point x, is a singular point of the D.E. y” + P(x) y’' + O()y=0 ..(1) if one or the other (or 
both) of the co-efficient punchons P(x) and Q(x) fails to be analytic at x, A point x, is a regular 
singular point of the D.E. y "+P(x) y +OG)y = 0 if the functions (x-x,) P(x) and (x-x,)° a are 
analytic and irregular otherwise. . 
Consider Legendre’s equation of the forme y+ a y’ q POTD = 
—x 
itis clear ar and x = -1 are singular points. Now, x=1 is regular because 


| (e1)P6)= — 


x=-lis diss regular for similar reasons. 


a * and (x-1) Of0)= DAP are analytic at x = 1. 


2 


, . ” 1 , > _ p? 
Consider Bessel's equation of order p as x’ y"'+x y’ + (x°-p')y=0 or y" + (+) y+ [: P p =) 
; Pe G4 Bs x 


Also, x=0 is a regular singular point because xP(x) =I andx Ow) =x'-p’ are analytic at x=0. 


Example 1. For the differential equation 4x° y’ +6x?y e y =, point at infinity is (GATE-1997) 
(A) an ordinary point (B) a regular singular point | 
(C) an irregular singular point (D). a Critical point 
Solution: (B) 
Given , 4x° y" +6x’ y’ +y =0 ; . 5 fi) 
We transform the independent variable x to t by the relation t = us or .x= ; | 
x 


ee toyas ay, ey = 

x dt < at x dt . 

Prams 42% sy 0 a | (i) 
dt’ 


and given differential equation (i) pandonn io 4t 


The point Fy co. is transformed to the origin 
From equation (ii), we note that the origin is regular singular oink 
Hence, the point at « is a regular singular point of the given equation. 


: «$214, ef" | 


1 x Definition: LétA be a square matrix, then the 1 nfite series. @ ed fe ae are ae. +.. = oe 
_ ai : : ea) 


_» COnvErgES for agent and t, so that e“ is defined for all square matrices. | 


: Computation of " e . 
‘To. compute, the 658 of v7 ).is ; not penaally ict However, it follows from Cayley-Hamilton 

_ Theorem, applied to the matrix At, that the infinite series can be reduced toa zpolnomiah t int. Thus: we . 
“have: ag : @ 
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Theorem . If A is a matrix having n rows and n columns, then 


"=a, AT 4a, An 44a, Ar +a Artal, — © (2) 

| a Oly 5 Oy ynry , , WE functions of t which must be determined for each A. 
eg. If A is.a matrix having n rows and n columns, then for n=2, e“ = a,At+ QI (3) 
when A has three rows and three columns, then n=3 and e“ =a@,A*t? +a,Att+ Ql (4) 


Theorem 2. For a matrix A having n rows and n columns, defi ne 


r(A) =a, A140, A? +..4 OV +Q,A4a, - &: (5) 
Then, if A, is an eigenvalue of At, e* =r(A) 7 el), 
Furthermore, if A, is an eigenvalue of multiplicity k, k>1, then the following equations are also valid. 
rae 
Seg) 
ana) ae hea 
a 
e* Te (7): 
qd 
44 WA 
e dio r( a 


Note that theorem 7.2 involves the eigenvalues of At; which are t times the Eee of A. When | 
computing the various derivatives in (7), one first calculates the appropriate derivatives of the 
expression (5) with respect to A, and then substitutes 2=A,. The reverse procedure of first 


substituting A= = A, (a function of t) into (5), and then calculating the derivatives with respect to t, can - 
give.errored result. 
e.g. : Let A have four rows and four psa and let A=5t and A= 24 be eipenvdlnds of At of - Hl. 


multiplicities three and one, respectively. Then n = 4 and i= af oe +QA+dy , 
r'(A) =30,2 +2a,A+a, , r'(A)= 60,0 + 2a, es 
Since A = 5t is an eigenvalue of multiplicity three, it follows that en = r(5t),e =r (St); and 
e' = r"(5t). Thus, & =a,(5t) +04, (St) +a, (51) + % | - 3 

er Se (St)? + 2a, (St) + ay | 

= 60, (St) + 2a, 

: Als, since A: =2t is an eigenvalue of multiplicity one, it felons that e = BA 

or et = = a, (2t)° +a (20)? +04, (2t) + Oy ae 


‘Thus, we have four onions in the four unkriowns ai s. 


~ Method of Computation: For dich aeons A, of At, apply Theorem 2) to obiain a set or linear ‘equations. 


y 
When this is done for each eigenvalue, the set of all equations so obtained can. be solved Jor 


XH, A... a, 48 These values are then substituted into equation (3), which Is then used to compute et 
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Example I. Find e“ for A= ; : 


Ot+a, at 


Solution: Since e“ = a@,At+ QI = 
Sat at+a, 


(8) 
and from equation (5), r(d) = 0.,A + Oy The eigenvalues of At are i, = 4t and ), = -2t, which are both 
of multiplicity one. Substituting these values successively into equation (6), we obtain two equations e 


= 410, +0, and e” = -2t0,, + 0, 
ae . Toc . 
Solving these equations for &, and 0, we find that a, = =e" —e) and % = 5 (e“ +2e) 
, ’. OF ; ; 


tose ae Pan 1) 3e"+3e" ee 
Substituting these values into (8) and simplifying, we have e* =— 


6) 9e -9e 3e% +3¢e7! 


- : 
Example 2, Find e for a-| , at . . . 
Solution: Since e“ =@,At+ [= a | ' (9) 

; a a Liat a ; 


and from equation (5) r(A) = ah + 0, The eigenvalues of At are i, = it and i, = -it, which are both of 
multiplicity one. Substituting these values successively into equation (6), we obtain 
e" = a,(it) + Oe" = ,,(-it) + Oly | 


Solving these equations for 0, and. and using Euler’s relations, we find that’ 
ee eC ae et rer | . 

a, =— (e" -e" )=—— ,. @ =—(e" +e") =cost 

2it - 2 

bee 2 4, | COSt, sint 

Substituting these values into (9), we obtaine™ =| si. 

BEY ost se Cie. Vine |—sint ‘cost 
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For the ordinary differential equation (x1 yf sf = +(cot Tix) Y Y + (cosec’ Mx)y=0, which of the following * ~ 


statement is true? >: we (GATE-2006) - 
(A) 0 is regular and 1 is irregular (B) 0 is irregular and 1 is regular ar g- 
(C) Both 0 and I are regular (D) Both O-and 1 are irregular: 

For the differential equation t (t~ 2) y" + ty’ age Ot=Ois  — -...  .. . (GATE-1996) 
(A) an ordinary point ~- - (B) a branch point “4 

(C) an irregular point _ (D) a regular singular point 


KEY POINTS © a4 
The functions ty ty fF, of x are said to be linearly dependent over an interval 1 iff there exist constants | 
Cy Cy «., C, (not all zero) such that c,f, + cof, +... + ¢,f, = 0 for all x in Land if all c,= 0 V x € I then 
linearly independent. se > 
If Wty) over I is non-zero, then Se en & are «linear independent over Fi pide: a are, 
solutions of. same di iferential equation) — 


For a homogenous differential cation of order n, and f, fy ..., f,are linearly independent solution of it| 
then their linear combination c,f, + ... + Cody! is also its: solution: , : 
For Aaipamonenebas linear equation if, i ty = é| 
ep ep ant } 
homogeneous equation is con 


° aoe 


For particular integral of tD= a, provided f(a) # 0. When fla) = 0 then ae 


1 ax. 


—e 
‘d 
gp fel 


c feng sin'ax or 1° “cos ax ; Put D? =-a' provided f(-a’) #0 7 | 


£(D?). 


Foy PL a oa oe take the lowest degre t term outside Remaining fat will be of the pe. i tk $0) Hi 


‘ re uke Ll Tt O(D)] to the numerator. and d expand it by Binomial Theorem. oe 


For PL ta oe 0, where Xs any feton oft: ne aa le as = ¢" eBay 
+ 
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> a“ ce fa - 6%, ee hi is ; any function ae x, use 0) 4X) = os ro xs a ner 


> For ee ’s homogeneous linear equation, Px ey +P x! oe eee 269, where P, Py..., 
dx" dx" 


P, are all real constants and 06 isa function of x. Putx =e@,ie, z= log x, x >Oand pnts so that © 
z 


x D=6, x'D’=0(0-1),.., x'D" = 8 (0-1)... (0-n + 1) and solve. 
> For Legendre’s: linear equangn Pyarbsy SY 4p (arb * “y 1.3 EP, Py) = OG). Put atbx= é 
_ Le, 2=log (at+bx), a+bx >0 and . 6; so es D = B86, ee =}? 8(0 -1),..., 
(a+bx)" D"= b"® (8-1) ...(0-n+1) and solve. 


>. For calierea (t) and DY eta = 9(t).Eliminate one of the dependent variable say y from 
a a Y=8 ioe Sa 
given equations and solve linear differential equation in x and ¢ then put x and © in any of the given 


equations, to obtain y = V(t). 
For differential equation y" hiegyaX-P [= -y, {12% [yXa nits 
quation y"+py'#gy=X; P.L= -y, ° 7 dxty, 77 dx, (W#0), where-y ,.and y, are 


a is called the Wronskian of YY, 


-- “The Wronskian of the solutions is either identically zéro or never zero. 


Ray 
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SOL VED QUESTE TIONS FROY PRE ati PAPERS 


1. “For amapenondth linear ordinary. differential equation, the linear opti of two solutions is 
‘again a solution of the equation”. The statement is 4 ' (GATE-2002) 
(A) true (B) false. (C) neither true nor or false (D) can’t say 


' Solution. (A) For homogenous linear ordinary differential equation of order n, if y,, Vy »-., ¥, are solutions of it 
. Then, Wy, + Oy, + ... + Oy, is also solution of it : 
L{y] =9 ee 
_ Lfy,J=0 


; L[y,] =0 > L [ay,+ ~ ad = Sears Gra Ly pal. 
Hence, the given statement is true. Fass ae 
ae ee is correct. 


2). Lety= 7) (eid y= aye: be colidions s of yee 2xy' + (sin. xy y= ='0 such that 6(0)°= 1, o'0) = land © 
| y(0) = iL, ¥O= B: Then the value of the Wronskian wd, W).atx= i is. _ (GATE-2004) - | 
(AO Ol Ve, Orie 6, Oey aa 
Solution. (© The given differential equation isy" - aay t oes We Oo . 
we: and. ve) are its solutions +3 
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wt) vo| 
¢(t) veh” 


(2 wee? 
Now, W(x) =W (0)e =W(0)e* 
W(l)=W(O)e'=e 


Now W(¢, y)= 


0 1 1 
t= 0, wo, wo) ro) Ly 


g0) ¥O) 


=>> Option (C) is correct answer 


4 The value of the Wronskian of the functions ae 3x+2, 2x+3 is. = . (GAT. E-1999) 
(AO | (B) 2+x (EC) 104.x? (D) -10- 
Solution. Given functions are x’, 3x + Z; 2x +3 | | _ . 


x? 3x42 2x43 
W =l2x 3 2 |= 2 [6x + 4- 6x ~—9] =-10 
\2 0 0 . 


=> Option (D) is correct. 


Which of the Gildas pair ‘of Junenonss isa ica independent pair of solutions of y"+9y =0? 


| (GATE-2001) 
(A) a 3x, sin 3x —cos 3x | (B) sin-3x + cos 3x, 3 sinx oe sin’ x 
(C) sin 3x, sin 3x cos 3x an (D) sin 3x + cos 3x, sin 3x cos 3x 


_ Solution. (A, B) The given differential equation is y' + 9 =0, AB. ism 749 = QO 7. eg 
Its roots are + 3i 7 


The solution of equation is y = ¢,cos3x + c, sin3x : 


_ The linearly independent solutions are cos3x and sin3x 
of it : For option (A), | | 
‘e | ' Clearly , sin3x and sin3x — cos3x are: ae solutions 
Now, c, (sin 3x) + c, (sin 3x — cos 3x) = 0 
. 3 (c, + ¢,) sin 3x —c, (cos 3x) = 0=>¢,+¢,=0 and-c,=0=>¢,=0=¢, . 
. Both are linearly independent . 
: By option (B), c,(sin 3x + cos 3x) + fe een 4 sin me QO = 
ej ee setae 0 Tete : 
aan ; + ¢,) sin 3x + ¢, cos 3x = om) ¢)= 0 ¢= = 0. 
04) i. om bash solutions are. linearly independent - 


For option (C), sin3x COS 3x= ; sin6x 


It is not solution of differential equation 
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=> option (C) is incorrect 


For option (D), sin 3x cos 3x again not a solution of differential equation 
=> Option (D) is incorrect. 
=> Options (A), (B) are correct. 


3. The di differential equation whose jineardy independent solutions ¢ are cos 2x; sin n Ox and é, is - 
(GATE-2001) 
(A) O +D’+4D)y=0 (B) (D’- D +4D-4) y =0 
(C) (D’ + D’ - 4D-4)y=0 (D) (D’ -D’- 4D +4) y=0 


Solution. For cos: 2x, sin 2x and é* to be solution of differential equation, the AE. must have roots + 2i and 1. | 
Le. (D’ + 4) (D- 1) y=0 
(D’ + 4D-D’- 4) y =0 
(D’-D? + 4D-4) y =0 
=> Option (B) is correct. 


6 | y= be ass is assumed to be a solution of the differential equation xy xy ~3(1 +x)y = 0, 


then the values of r are | (GATE-2012) | 
(A) 1 and 3 (B) -1 and 3- (C)land-3  . - (D) -1 and -3 


Solution. (B) yo) ea th . ee re og 24 : : 4 I 


y=, (r+m)x0"" oe 


m=0 
y’= =D aoe s px 2 
Substituting the values in the differential squarones. xy” ~xy’- 3(1+x? ) y= =0. 


=x’ Yen (r+m) (F+m—1).x"" Ain en , —3(1+x° Ye er Maal) 


; = Yel (ramen = (rm) wns Be ears 220 : 


> (rtm) (r+ m- ye (r+ m)- 3s 0. ind. 8 Soe 
Take m = 0 =r (r- -1)- ee a 0 Per r- 3+ 0 =F -ir- 3 “0 
=> rel, 3. 
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ASSIGNMENT - 2.1 


NOTE: CHOOSE THE BEST OPTION 


d°y _d 
I. Given an equation aa = and a solution of itis y = 1 +a , sinh x + ay cosh x, where i a, a, are 
- x 
arbitrary constants then this solution is = ae. . 
(A) particular solution _ (B) complete primitive 


(C) singular solution : (D) none of these 


2. In general solution, the arbitrary constants are m 
(A) dependent ~ (B) independent (C) dependent variables ) none of these 


3 The equation of the envelope of the 3 fail of curves vepresented by Ne sonal solution of the a a es 
equation is called , 
(A) complementary solution 2, — (B) particular solution 
(C) singular solution (D) none of these 


4. General solution of nth order ordinary linear (homogeneous) differential equation contains 
(A) every solution (B)some solutions | = (one solution (D) Nowe of these 


5. “The nth order ordinary linear homogeneous differential equation has 1 no solution oer than Sonera , 
solution”. The statement is - 
(A) always true .  (B) always false (C) partially true er i partially false *° 


6. Consider the differential equation f(D)y =e", where fea) =0 and {0} =0i is the: corresponding ae 
equation, then. 
(A) a particular integral may or may not be shiained 
(B) no particular integral can be obtained 
(C) a particular integral can always be obtained 
(D) none of the above is true in thiscase” : 


. ek It 


A efOxiac —- Be*[Olide - (Ce*fe*Oelar. Oe fe"bax: 


8 The c-discriminant when equated to zero include nodal locus. Lye 2 eee me ng dtl 
(A) once _ _(B) twice - | @ thrice = _. (D) none of these 


9. -The eAiscilmiinats and the p-discriminant Both contain ra ee sk 
- (A)-envelope’ ~~ (B) tac-locus: (©) node-locus °° ~ (Dy none of these 


~e 
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10. If any equation contains n-arbitrary constants, then the order of differential equation dcteied Jrom it is 
(A) n (B)n-1 (2 (D)n+1 


‘11. The solution y= Asin x + Bcos (x+ 0c) contains three arbitrary constants, they are réally equivalent to 
- (A) only four constants © | ___ (B) only three constants 
o two only ' (D) none of these 


12. The set of orthogonal trajectories to a family of curves whose di nial ee is O(r,0,dr/d@) =0, 
Is found by the differential equations 


dr: d@\ - 
‘A) @| r,0,r—|=0 B) @| r,6,r 0 
wrarHjoo ayer) 
, dO ’ _ldr 
C 8-7 — =0 , D 0--— =0 
oferta eodra tl 
13. The linearity prinok le for atid differential equation holds Nee 
(A) non — homogeneous equation (B) non linear equation 
(C) linear differential equation 3 (D) none of the above 
2 
14. General solution of ee % 5 ot + 2y = is 
a ee ce lek. SY fae 
(A) y =ae~ (B)y=Bez — (y= Ae + Be 2 De none of these 


15. The differential equation, derived from y =Ae* + Be “ fave the es (where A, Ba are , constants) 


. AY3 —  (B)2 (C1 ne (D) none of these 


- 16. The differential equation associated with the primitive y = Ax’ + Bx+C is given by 


(A) a’y 0 i; =2A °(C) WY 5 ax —B =0 (D) none of these 
ax? : | ; 
17, General solution of oY, gay y ah Ois 
ae dx? dx. : 
(Ay= “Ae Bee Ce. 8 ae (B)y= Be 2 te 
y= 4 ae oe 7 . ne “@ hone es : 


NOTE: MORE THAN ONE OPTION MA 4 BE CORRECT er 
dx’ 


: 7 ad 
18, T The number r of arbitrary constants in nthe complete primitive of differential equation ar oF 2° = 0 is / 


“are not. —> Boe oe. ok fa *% 
7 as Oy ate Sake Os. — on ae iy. 3% os | 


liaeetiaere tne 
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19. The nth order ordinary linear homogeneous differential equation donot have 


(A) n-singular solutions (B) no singular solution 
(C) one singular solution ~  (D) two singular solutions 


~ 20. Singular solution of differential equation contains 


(A) arbitrary constants - (B) can be obtained oi general solution 
(C) do not contain OG. constants (D) cannot be obtained from general solution 


’ 21. Consider two statements . 


(a) Singular solution contains no arbitrary constants. 
(b) Singular solution can be obtained from complete primitives: 


Which of the following statements is/are true? / 
(A) (a) is true 3 B) 0) is false’ 
(C) @ and (b). both true = (D) (a) and (6) both false 


. dy 7 
22. If = =2y has a solution y= 2x” then the solution is not 


(A) general solution . . _ (B) complete primitive 
~ (C) particular solution — (D) singular solution 


23. For a given di ifferential equation which of the. following is false 
(A) an envelope gives a singular solution _ (BYnode locus gives a solution 
(©) cusp-locus gives a solution nat od (D) envelope does not give a singular solution 
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ASSIGNMENT - 2.2 


NOTE: CHOOSE THE BEST OPTION 


, 3 2 

I. The generat solution of the differential equation 7 » - = — “ +2y=0, is 

(A) (c,e* +c,e7* + c,e**) j (B) (c,e7 +c,€* +c,e') 

(C) (c,+egx)e*+e,e% (D) None of the above 

d? 
2. a 4 2y = 0, has the solution 

(A)y=ce™ tee By sce 

(hy =ce* + ce* +c; . _ +. (D) None of these 

¥ er , 
3. The differential equation “ —y=0, has the solution 
we e+C : (B) e* - (et +: (D) none of the above . 

4. ec oVeq2 ay + 4y=0, be the solution 

e Se dx 

 Ay=cet+xce aoe Ce , '  (B) y =c,cos 2x + c, sin 2x 

(Oy= ge om 2 2x + oe sin n 2 : (D) None of these 
5. The solution of (D’ +1) y= -0, D=dldx, is . 
"Wj Acosx+ Benz (B) e* (Acosx+ Bsinx) _ 

-(C) (4, +4,)cosx+(A, +A,)sinx, 0. | _ (D)(A, + A,x)cosx + (A, + A,x)sinx. 

6. The particular integral of (D’-D)y= e*+e™, is ey mg 

(A) (1/aye*+e*) > (BY AI 2)x(e* + gaye (C) (1/2)x(e*—e*)  (D) (1/2) x? (e* -e*). 


7. The solution of (ayId2) + y =0, satisfying the condition y(0) =1, y(se/2) =2, is 

: aa cos x + 2sin x 5. (B) cos x+ sinx ~ (C) 2cos x +sin x (D) 2(cosx+sinx) - 
78 The primitive of Wr ~2D+5)’ y=0,D= dldx is - 
Me “{(¢ +c,x)cos2x+(c, +¢,x)sin2x} - 


— (B) e “{(G, +¢,X)Cosx+(c; + C4X) sinx} 


7 (on é “{(c, +e,x)c0sx+(c, +¢,)sin2x) 


Diet ((c;cos x +c, cos 2x +¢, sin xtc, sin 2x)} 


- 10. 


UL. 


12. 


> 13, 


A, 
GE. | Pe © ytxel Oy 2a 0. 


15. 
16. 


I | mek. eg 
ay x- al =O. B)x-d=00 0 (x=a-——— ) none of these 


18. The solution of the differential equation : (ssi? 2) ay ( so(2)-s)oca0 is 
oe | Ax x 


DIFFERENTIAL EQUATIONS 


d : 
Let p = then y= pxt+l—p? has the solution 
xX . 
(A) A a . rns (©) y=x' +c ©) y=e,+c,x 
The difference of two solutions of non pomesenduie nth order ordinary iia equation is a solution 
of corresponding homogeneous equation. The statement is — - 


(A) always true. -(B) always false ~ (C) paraally true _— (D) partially false 


if y, is the solution of non-homogeneous nth order ordinary differential equation and yz is the solution of 


- corresponding homogeneous equation. Then the solution y, + y, is also a solution of 


(A) homogeneous equation (B) non-homogeneous equation . 
(C) both (A) and (B) " (D) none of these 

The orthogonal trajectories of the parabola y’ =4a(x+a),a being the parameter are the curves given 
by . , 7 j 

(A) yi =Ab(x+b) By = 4b) Oy * dbx (D) y’ =4by. 


The: singular solution of the differential equation y = pr+ P a p=dy/ dx)i is 
(4)4y° +27°=0 (B) 4x° +27y =0 (eC 4y’ ~27¢ =0 (D) 4x3 +27y? =0° 


Which Die of the following is not a solution of (dy /dx)? + x(dy/ ao y=do 


If D=dldz and z= =loge, then the differential ee x(d’y | dx? “+ Udy fdx) = 6x ‘penne ; 


(A) iD oy 6 e* oy D(D- Dy= 6e° “i D(D+1y= =6e%  —(D) D(D+l)y=6e'. 


The singular solution of the differential equation yf 24 (dy dx) LER yy. - oo 
(A) y= R/2 | (B) y=R 3 (C) y=3R/2 | (D) y=2R 


The c-discriminant of the equation. (y-c)’ = x(x—a)’ is 


tjcos{ = )=0 Se snl? )=0 Seve 


ee co”) tog = ost gy sin) -Iog constant 
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19. For the differential equation oy - ca + fy =0 
mY dx dx? dx 
(A) every solution converges to 0 as x —> c© 
 (B) every solution.is bounded on [0, °°) 
(C) every solution has countable number of zeros in [0, ©) 


(D) there exists a solution, which is not bounded an [0, ©) 


20. Integrating factor of the D.E. (y’ + 2x’ y) dx + (2x' - xy) dy = 0, is 


(A) coe (B) xy | : ; (C) Peo ; oper 


21. If yx) and yo) are solutions of y +x y r+(1- x)y=0 such that y, (0) =0, Oe) and 
y2O=-, y,(0)=1 then the Wronskian W (y,,y,).on R 


(A) is never zero : (B) is tGeitiealh zero 
© is zero only at finite number of, points (D) is zero at countably infinite number of 
points. af 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


22. Which of the following cannot be the solution of differential equation? 
(A) Finvetope @ ae locus 4 ce Node-locus (D) Tac-locus 


23. A apes tee of the given d ifferential equation f\D (p *\y = sinax is not given by 


‘Mya T ae f | By 
ear re (a’)#0 | = seat fha}#0 
(C) — fla x0 ; . (D) jay f(a)#0 
Be GOP ean, a f(a 
2, The éceeiniiant coins which of the following? ; 
(A) The envelope. " (B) The tac-locus (C) The cusp-locus (D) node-locus 


Py 
-. 25. The ciel solution of 2 —- ye = sin x. is Ae* + Be* hina A B are fe aie ech pan of: this 
dx’ 


ks Solution i is not.a particular integral: ia 


7 Cnn) ass (C) Ae* oe | () ~Fsina | 


36 The p-discriminant contains which of the following? ee ee ee 
(A) The-envelope - (B) The tac-locus _ (©) The cusp-locus _  (D) node-locus 


Ae os 


28. 


29, 


30. 


ef 


"32, 
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27. 


If y, and y, are two solutions of y" + p(x) y' + q(x)y = 0, then for general solution of this given equation, 


y, and y, are not 
(A) ee independent (B) linearly dependent 


(C) proportional — _. (D) dependent 


T he singular solution(s) of the differential equation 4xp" = (3x—a)’. is/are not given by 


(A) x =0only 
(C)x-—a=Oonly 


A 
Given ae. ~6 ay +13y=0, then its 
. ax dx 


(A) auxiliary equation is m* - 6m +13 =0 


(C) general solution Is y=e™ + Acosx+ Bx — 


dy 


2 
Given, £8 say. 50e”*, then 


(A) (D- 2)’ y = 50e™ 


(C) general solution is y= 25x'e A+ Be 


Given, (xtc) +y =P, then 


(A) this equation is s equivalent to (x+ c)= tyr’ ry? 


(B) this. equation is equivalent to xtc=r— y 


(©) -the p-discriminant is yy’ -7’)=0 ues 


(D) the poscrmaiant is y(y-r)=0 


Given, cy=ex+I, then . 


2 (A) elimination of c gives y= Ee 


dds 


(C) elimination of c gives y= 4x 


d 
For. the equation o 5 aye ee 


(a) Integrating factor ise™ 


pe os Solution oft the equation is is Oe yale ace® eo 


3h | 7 
. (A). The p-discriminant i is 4x’ y? — A(x? -1Ny? _m’)= 0. 


Given, ys - px, (p> +m’); then - 


- (B) Thec- discrimininant is abe +2y=0 


(©) The singular solution is y +mx 2=m 


a, 4 


(D) No singular solution exist 


(B) 3x —a = 0 only , 
(D) x = 0,3x-a=0&x-a=0 


(B) auxiliary equation is m* + 6m- 13 <0 
(D) general solution. y = Aee* 4. Be 


(B) (D+ 2 ye" 


(D) no solution exist 


(B) elimination of c gives y Shy - 
(D) elimination of c gives y=3x+2 


(B) ee factor is cosx 


©) Solution of the equation is y= e+ a 
x 
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35. 


_ d’v av 
For the equation —~ +——- = 
dr* rdr 


A. 
| (A) v=— a4 B is a solution of given equation (B) v=—+B is not a solution of given equation 
r 


36. 


37. 


38, 


x, xo 
‘A) xe") —£ 
wt 4 


02 —_—= aay is a solution of given equation. (D) = peas is not a solution of given equation 
r . oe a = a 
dy x, O<xsl 
The general solution —+ y = f(x), where f(x) =5 - and y(0) = 0 is 
bea dx i 0, x21 
ive 2(1-e*), OSxS1 B) y _ Ae ~1),, O<xS1 
2e *(é-1), x21 2e*(e~-l), x21 
1-e"), OSx< ee 
(C) y= aia ae (D)-none of the above 
2e *(l-e), x21 


— . ae nt 
If Ly=xe*fnx (x>0) when 1-{Sardao} and two L.L. solutions of Ly=0 are xe" and é, then P.I. is 


2 Saat, as Oe 21s Meas? es < 
a +e" ce ae (B) x°e* * n> a +e dey Pratl ; 
3 9 2 4 see. oe 


2) “le 22 3 
eee | (D) None of these 


2 
C) vet = ap * a 
2X ; 


Let y, and y, be solutions of Bessel’s equation t *y ty +e —n’)y= =0 on the interval 0 <t < °° with 
v= d, yi) = 0, y, (1) =0 and y, (I) = 1 then value of Wy, yy) is 
(logt)? 


AE (B) Ih (C) Dye. 


t 
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- ASSIGNMENT - 2.3 


NOTE: CHOOSE THE BEST OPTION 


we 


hi he currents equation 4 +6 2 +9y=50e* have particular integral 
x 


ee 


(B) 2e* (Cpe (D) none of these 
ae —— d 
The sonileneiinn function of the differential equation oe +4y =cos ax is 


(A) ces! | (B) (c, +e, x)e* (C) ce a (D) None of the above 


If 0(x, y) = 0 is a singular solution, then (x, y) is a factor of 
(A) p- discriminant only } : (B) c - discriminant only 
(C) P -and c- discriminant both (D) none of these 


If y, and y, are two éolutions of initial value problem Epayitaae =0, VX—P=Vp Y'(XI=V's and the. 
 Wronskian W(y,y,)=0, then y, and y, are 
_ (A) linearly dependent -(B) linearly independent 


(C) proportional (D) none of these 


The value of Wronskian Wx, x, x) is 


(Aa . a (©) 2x" pa Se (D) none of these 


The equation y=Ae* + Be™ is solution of thé differential equation given by . 
(A) y"— 8y'+ I5y=0 (BY y" + hed =0 (C)y'+ oe =a eS: ye: 0 


T he peas solution of the given ahi equation a -2— dy ae Qy =e is given by 


dx 


we _ -3 (8) 1/26" | Je Gabe (D) does not exist 


aap rete then solution of d ferential equation P? “SP HOe 0 is oe 
A) (y-4x-c)(y- 3x- -c)=0 oe (B) (- Ix— ye Bye 5. 


ar) {y- i= ally 5x- -c)= O28 Eat. ae -', “(D) none of the above.. °” 


10. 


_ For a y + ie ‘tan 2s solving av variation of, POANCES, the value of Wronskian Wis 
x? . 
(AL — B)2 ve (3 - (D4 


‘Solving by variation of parameters y" y"-2y' + y = é log x, the value of Wronskian can he 


WE SBI i (Qe (DJ none of these 
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11. 


12. 


13. 


14« 


15, 


16. 


17, 


18. 


Solving by variation of parameters the equation y"+y=sec x, the value of Wronskian is 


(AVI ve . ©3 ‘(D)4 


dy - 3x4 +2xy . 


The solution oft the di ifferential equation — re pooae is 


2 ; 2 
ayy sak @xryt ax 
y y 7 y? 
2 
(C) xy +X =¢° : ' (D) none of these 
y 
Ifa differential equation has the-general solution (x +c)’ + y’- y)=0, the singular solution is _ 
(Ay=0 (B)y=1 ; — Cy =3 (D) none of these 
Let y = px — 2p’, then its singular solution is 
(A) By =x" (B)x-4y=0 (C) x’ = 2y  (D)x=y 
. fe . ee dy | ithe, Bey: 4 a tere, 
The solution of the differential equation —~ -3 — +2y=e',y=3 and — =3 when x=0, is 
(A) y = 2e +e —xe* (B) y = 26 + &* xe" 
(C)y =e + 2e* xe 7 (Dy =e -e* +.xe* 
The number of singular solutions of differential equation p + y =1 is 
(A) zero (B)one... : (€) two '  * ~(D) three 
8 ee RT Re ee nes, : 
The solution of the differential equation (x y + Wee = is 
x 
2 nS Tin: 
(A) — =25?+Ae” |? (B)x=2 +Ae” 
2 -_ 262 
(C) —=2-'+4e” (D)x=2+y' + Ae” - 


General solution of the ailferensa equation (cosx-sinx) a +2sinx & 2 - (cost. + sinx)y = 0 (given that 


_ y=sinxisa selusiony’ is 


19. 


(A) sad Rea a rs a, (B) c, sinx + ¢,.x six aes 


me) ae Sige, SS ae . ~ (D). ve Ge 
The solution 0 differential equation ++ — =O is.- 
of diff q of Gi ‘yo = 
(A) y' edie tBoO BY HAI’ X +B 


(C)y =Almt+Bo 0 0 DD) y HA EB 
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20. 


al. 


22, 


2 . 
The particular integral corresponding to the differential equation 32 42yHe, is given by 


(A) xe* — (B) 1166" (C) e* | (D) - xe* 


Uf the di ifferential equation is of the type f(D).y = sin ax, where ee is a polynomial in D containing the 
odd powers in D only, then 

(A) A particular integral can be obtained 
(B) No particular integral can be obtained 


(C) Particular integral in this case 7 constant 


(D) Particular integral is given by re HH f(-a’) #0 


The general solution of (d?y/ dx?) — (dy /dx) ~2y =10cos x is 


(A) y=ce *+e,0 *—3cosx—sinx 
(B) y=ce* +0,¢° * —3cosx 


ae) y=ce*+c,e% ~3cosx+sinx 


23. 


24. 


25, 


(D) y=ce* +c,e"* +3cosx+sinx. 


The solution of x? (d* y/ dx’) —3x(dy/dx)+4y =0is 
. 2x 2x 
(A) Y=, +e,x)e" | | (B) y=(c, -Cyx)e 
(C) y=(c, +c,x) log x - eo (D) y=(c, +e, logx)x’. 
The particular integral of the differential equation a 13 i 12y = 36, is given by 


(6 (B) 3 Sore " (D) 36/13" 


The p - discriminant of the differential equation y = px + D’ is 


(Ayax  By=x (C) y= 4x “ (D) none 


26. The solution of the differential equation ane ~ 1) y —3iy = “0, is 


Aye Ge toe Oy =oe"tae (Y= ae cat Dyace* toe 


27. The equation iaaeed olen is ‘self Baieedts is: 
A) p-( p)=P? 

(B)(px+ y\x+ yp)- Ap =0, p= aylde, p#0 
(C) (px~ y)(x+ yp) - Ap =0 

~ (D) (px+ y\(x—yp)— Ap =0, p #0, p =dy/dx 


epee eer net et 
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28. 


mes 


30. 


31. 


32. 


33. 


The solution of (d’y/ dx)~y=k, (k =a non-zero constant) which vanishes when x = 0 and which 
tends to finite limit as x tends to infinity is 


(Ayy=k(te*) ~~ (B) y=k(e* 1) 
(C) y=k(e*+e7-2) -. Dy=ke*-l. 
The general solution of d? yl dx + 2(dy/ dx)+ y= =e *cosx, is 

(AV{C,+C,x+sinx)e* e _ (B)(C,+C,x-sin x)e™* 


(C) (C,+C,x+c0s x)e* . 2 (D)(C,+C,x-cos x)e™ 


If. y(x) = x and (2) = xe* are. two- linearly independent solutions _ of . 


dy 
es a ~x(42) 2 4 (4 2)y = 0, then the ‘interval on which they form a fundamental set of 


‘ 
¢ 


solutions is 


(A)x>Oorx<0 . . a . (B)-1<x<® 
(Q-1<x<2 | | — (Dj <x< 0 


Suppose that y, and y, form a fundamental set of solutions: of a second order ordinary di iferential 


equation on the interval -00 < ¢ < +00, then — 

(A) there is only one zero of y, between consecutive zeros of y, 

(B) there are two zeros of y, between consecutive zeros of y, 

(C) there are finite number of zeros of y, betwéer~consecutive zeros of y, 


(D) none neh the above. 


f y, (x) and rhe are Sonudions ofi" yor xy + d- x ay y=x sin x, then which 4 the flowing is also its | 


. Solution? . . .. ’ oe : 
(A) y (x) + yx) _ | . @) ae -y,(«) 
(C) 2y (x) - yx) oe . —— (D) yx) - 2px) 


For which of the jollowans Bae of functions y,(x) & EY, “, continuous functions pO) and d gb) can be . 


y+ p(x)y’ eG 0,.x€ [- 11] a 
(A) y,(x) = xsin(2), y2(2) = eons) - ne B) =e 3,00 singe) 


| O. n@= er “2 € not oe | oe ) uti) te 22005 =c0s(0) oe 


34, 


NOTE: MORE THAN ONE OPTION MA Y BE CORRECT © 


“( x) is not equal to to. 
D-a. 


ee awe a, OUD LO vee ahs Y AD ae = 
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35. A particular integral of (d’y/dx’) — (dy! dx)—2y =cosx+3sinx is not 
(A) sin x (B) cos x : (C) -sinx (D)-—cosx 


36. The solution of (D* +8D* +16)y=0 is not given by 
(A) ce * +06 +66" +e ~ ? 
(B) (c, + c,x)e™* + (Cc, +c,x)e* 
(C) (ce, + c,x) Cos 2x + (c, +¢,x)sin 2x . 
(D) (c, +¢,x)cosh 2x+(c,+¢,x)sinh 2x - 
37. The p-discriminant of equation yp +y-/ =0, isnot 
(A) y' =0 By=r — OYH +h) =0 (Dy=0 
38. fy, and Y2 are aks independent solutions of the homogeneous equation 
Liy)= y +p 10) y + P (x) y =0 Then p (x) and p,(x) are not given ty 
V3 ~My 
. (A) p(x) = 222 | 2 _ p(x) = 2 a 


W(x) . w(x) 
8B = WTI, ViY2 ~ Vs 
B) = —| 2 2 | (x) = a 
(B). p,(x) Ce jo (x) ao | 
| 
| (OC one roy 2oi=aB5] | 
 %- | 7 | | I | 


Si 


See. Cee = 
_ 39. The equation ar ~ { 2), +10y =0 has characteristic roots. 
i ba a 4 : ; 


(A) 1+3i (B) 1—-3i © . (145i | @1~5 
40. Given, the equation x = A cos (pt - 0), then. 
-_ oe a = 
ae oe 
_ (B) —— =-p* —. 
© dt” edt 
to. qty Sa aes 
Ogi ek a 
3 rey 
x—dx d°x x 
D) el t 7, oe es X— 
©) bination. pon * gives eP. dt ee 


DIFFERENTIAL EQUATIONS ‘CHAPTER-2 | 


41. 


42. 


43, 


44, 


dx ha. 
Given, — = tan ydy Solving the above equation gives 
x 


(A) logx =- log cosy +C ee (B) log (x cosy) =C 
(C) log x siny) =C ; (D) x cos y = e& 


Given, sinx, cosx, sin2x, then 
(A) the wronskian of given functions is 3sin2x 
(B) the wronskian of given functions is zero 


a 
(C) the functions are linearly independent in (04) 


(D). the functions are linearly dependent in (0,7) 


Particular’ Integral ot ‘the wien differential equation PADD é loge is obtained by | 
integrating _ | 

xlog x x(log x)" 
re oe” ; Seer 

2 2 

(logx)" ot (eee) 
C¢) —— D, 
CO- ; _ (D) 5 
An integral curve of aby + dy) + y *(Bydx + Sxdy) = 0 is not 

| Ayxty +ey5 =I a | “(B) xy’ txy* = 

() xy" tx'yis1 2%. ah. 6g 3 CORPS Sls, 
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ASSIGNMENT _- 2.4 


NOTE: CHOOSE THE BEST OPTION. 


‘. The c-discriminant relation of the differential. equation x p +x yp=l, is given by (where p= 2 ) 


(A) x’ (xy + 4) =0 | |B) x(xy -2)=0 
(QC) ye-y)=2 0 ——— @D) yu y)=2 


a a : 3 
2. The particular solution of + +y=cos(2x — 1), is 


A) Zleos (2-1) -8} Pa (B) geeos (2 —1)-8sin (21) 


(OC) = [eos (2x + 1) + 8 | ' _ (D) None of these 


3. PL of (D+ 2) (D-1)y=e", is 
(Ne | _ 7 ores 


(C) {ve a (D) None of the above © 


~ 4. The solution of the.- differential equation 3 +4y = sec? 2x, using the method of variation of 


PATAMENETS, ic -. 
1 1. ; 

(A) y= costes 2 in lace a 

7 B) y=¢,cos2x—c, +sin2x-+-sin2x log [sec 2x + tan 2x 
(C) y =(c, +ox)e" +7 log sec2x+tan2x| 
(D) y=c,cos2x+e, sin2x+ rig sin ae 

d’y 


5. The solution 0 thed erential e uation?» 5D 
Foc. na if - “dx? dx? ” dx. 


Wy “Ae! d+ Be" ce ie (By= Ae’ ae Pe 4 
10 


toe * is 


7 “(Oy ae 4 nes core 2 | Oy ee; sab soe 
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The solution of the differential equation ay aya! for (5 | = z yis 
dx xty-i one eae 
(A) y= x4 log(x+ y)~> (8) y=x- loge +) + 
1 
(= BEET I (D) 2y =x + log (x + y) +1 
dy > . a du. 
Tf e* u(x) is a PI of = — Y 2a Fr + a’y = f(x) where a is any constant then ae is equal to 
iy Ne 

(A) fx) B) far. 
(C) fx) e* ah (D) fx) (E+ e™) 

. | a Hoy dy , 
The general solution ofxly2° ¥ ,|% | \=y —,is 

|" dx? (dx dx 
(A) ax + by =¢ . (B) ax’ + by = 0 
(O) ax’ + by’ =I | . (D) ax + by’ =0 


The complementary function for the differential equation (D*+D’+1 ag +be™ sin n 2x, is 
(A) e* +e” 


: 3 3 
Berle cos Be Cc, sin Bs +e aC CO is Me 


© econ Set gain orf eso B yee, sin $.) - 


. (D) none of these. 


10. 


is 


dq" y d™ty 


| T he linear dijercnial equation of order n P—— ve eet an De Pye Olx ), where PoaP aig P, and Q. 
are functions of x alone, is exact if 
A) PP $P ate Ry =0 BEA? iP ore By 0. 
© Fo Prat Pst lp ee O) Pest Pes +CIR'=0 
L he orthogonal trajectories oF the given family of curves. y= =ot are given by. 
(4) ety Sconstant. 2 a @B) x -kf= constant . . 
© kx +y/ =constant 7 ait - (D) x +ky = constant 7 


12, 


The particular integral of the differential equation <2 - 22 + y =cos 3x is given by 2A 
(A)-3/25sin3x (BY B/S cOSBK 
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(C) 1/50 [-3 sin 3x - 4 cos 3x] (D) -1/25 [3 sin 3x - 4cos 3x] 


da? 
13. The particular integral of differential equation ee +a’y=sinax, is 


(A) (-x/2a) sin ax ‘(B) (-x/ 2a) cosax 
(C) (x/2a) sinax (D) (x/2a) cos ax 


_ 14. The particular integral of the differential equation (p? - 4)y = sin 4x is given by 


_* sin4dx —sin4x 
‘A ; B 
(A) y 20 (B) y 20 
Ci Lees 


8 oe , a; , 20 
~ 15. The particular integral of the differential equation. (p? +9)y =cos2x+sin 2x is given by 


(A) y = (00s 2x+ sin 2x) . a (B) y = 9g (008 2x + sin 2x) 
‘ 1 . " ‘ ; é 
(C)-y = 5 (00 2X + sin 2x) : (D) v= = 1 osx sin2x) 
d’y Fy ee eek 
16. The particular integral of the differential equation we ere +13y =2e" sin2x, is given by 
A) ees xe™* sin2x oO ~ @B) lis cos2x 
2 — a” 
; © 7 xe" sindx )~5% cos 2x . 


17. The eae integral of the di ifferential equation (p? -2D+ 1) y=xe* sin x , is given by. 
(A) e€ *(xcosx+sin x). ca es _(B) x x(e" COS X + sin x) 
7. (Je e sin lx + 1) 7 (D) ~e*(xsinx+2cosx) 


- 18. The differential equation x(dy/dxy? —(x-3" =0 has p - discriminant as x Ee es c - discriminant as 
ee x(x- 9) =0. Te Sara HERE! is 
Se ee a rr eer 

(Gx=0 Bees a 2 (Daa 2 -9) = 0. 


ay x 19. The equation 8ap’ = 27y, where p=dyldx, has singular solution 
Hg A yae~ Sane, © bye 
ae (Ss) y=Q-ola so = ‘ a -* ey (D). y=(x-0)"/a 
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20. The differential equation of the ominogonat trajectories of the system of parabolas y= =ar, is 


(A) Yax'+y (B) y=x~y" 
(C) y=-al2y) . (D) y'=xi(2y) 


21. The general and singular solutions of (dy/ dx) +x(dy/dx)— y=0, are ~ 
(A) (y —ox)(y- x 14-c,) =0, x? +4y=0 (B) y=cex+e? he +4y=0 
(C) x+y? =cxyte’ ; (xy) —4(x? + y*) =0 (D) None of these 


22. The singular solution of p = log( px— y), is : 
© (A) y=x(logx-1l) - (B) y =xlogx—-1 
(C) y=logx-1 (D) y = xlog x 
7 _d*y . _ 
23. The general solution of a + y=0, is 


(A) y= exp “bac cos Fe t,sin et exp [> cos Trl +c, sin 5 
(B) y = csinx + ¢,cos x + c,sinh xt+ccosh x : oo 
(C) y=c,e +c" +ce" +c,€ 
(D) y=c,sin 2x+c,cosdx+c,sinh2x + cgoshx 


24. The singular solution of the differential equation (px-~ y) = p*—-1, is 
APPL Ce (Bx? ~y?=1 
(©) x +2y'=I a —@) xv -2y'? =1 


25.. The number of linearly independent solutions of 


(d‘* yldx4 )-(d*y/dx*)— Say de? ) +5(dy Idx) — Zy=0 of the form e* (being areal number) is 
(A) one - 7 (B) two 
(C) three , (D) four 


, : “f° 9\/2 
26. The singular solution of y= pxtall+ y’) is 
(A)parabolla |. — (B) hyperbola 
(C)cirle .  .. a 7a @® cect line | 


. 27: Eet y,6) and yy &) b be solutions ‘of si x + y! +. (vin BS y- = 7) which si the ° boundary conditions : . 
7. y, O=0, y, '(0) = 1 and y(0) = 1, y,'(0) =0 respectively. Then — Me. 
(A) y, and y, do not have common zeros _ (B) y, and y, have common zeroes 
(C) either y, or y, has a zero of order 2 © .-(D) both y, and y, have zeroes of: order. 2 


RCunenanuD US evICt VYOT Sanh WOOT OTS IOSIOEES 


‘ 
{ 
i 
i 
| 
$ 
: 
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NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


28. e*(c,cos 3x-+c, sin 3x)+c,e™ is not the general solution of 
(A) (@Pylds?)+4y =0 7 (B) (d’yldx’)+8y=0 
(C) (d?y! dx?) -8y =0 (D)(d3y I dx*) — 2(d? yids? )+ (dy/dx)-2=0 


29. Which of the following uisforiiltion cannot Radice the differential equation 


nee . 
ee == (log z) into the form POW Q(x)? 
.. (A)u=logz ‘ B) w= 
| | logz 
io; ee: : 
(Ouze. . (D) u= logz) 
30. The largest value of ¢ such that there exists a function h(x ) for ce <x <c such that h(x) is a solution of 
Beis y* with h(0)= 0 is not given by 


a : a 
(A) ; _ (8) > 


OD (D) x 


«31. The singular solution of x wy / a - 2y (dy (as + 4x = 0, > g is 


(A) y = a J. (By ae 
(C) 0 - 2x) (+21) _ (D) None of the above 


32. Consider the Assertion (A) and Reason ®) given below; 


Assertion (A): the singular solution of y=2xp+ pis given by x~ = 
~ Reason (R): The p andc discriminants are equal and given by x* + y=0. The. correct answer is 
_ (A) Ais true . (B) R is true 
oe isfalve: eae) 3 (D) Ris false 


33. Consider ‘hie Assertion. “ and Reason Re ve below:. 


5 Assertion. (A): The curves : Y= ax and ¥ +3y" = form orthogonal trajectories. ee i se 
Reason (R) : The differential equation of the fi rst is obtairied by. replacement of ( dy! dx)by - (al b) a 
_ The correct answer is 
-- (A)Aistrue. . - a aa (B) R is true 
ed is ag _ —: -  -(D) Ris false. . 
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5 PRACTICE SET) 


ee See 
Oe ee er Oe | 


yo coe — rraciceser-9) 
1@ 20. a, 4 Oy 


ANS SWERS. r 0 Assi oNMEN Ti S.. 


ASSIGNMEN BOTTI ee ae 
. 61D LO 


: Gow e ae Le 40.7 
13.(C) 14 (Ce: 


8B) 8a. 10. (A) 
15. (B) . 16.(A)- pera 


19ACD) — 20(CD) 23. (B,C,D) 
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- CHAPTER - 3 — : 
INITIAL AND BOUNDARY VALUE PROBLEMS 


i. get value problem Lipshi itz co 


§3.1. INITIAL VALUE PROBLEM 
3.1.1. Fundamental Existence Theorem 


Theorem 1. Consider the pel ee 


Py wor y+ Pp we 


> +P, Ore 


J+. P, 4) 2a By F(x): ; wi 
” This is.a linear ae equation in y of order n and P()#0,P 4P PS are iP, F (x) are continuous 
~ functions of x in [a, b] and if there exists constants Cy C,,..., C,,,such that 
WESC, HG) Coy CPC aE ay . "5 
(Here C,’s may or may not be distinct) 


. then equation (1) has unique solution. - 


Remark: Fundamental Existence Theorem gives sufficient condition for the existence of unique solution. 
Also, if P,(x) = 0 for some x € [a, b] then the solution of the given solution may not éxists or. may not . 


be unique. 


Theorem 2. If F(x) = 0 and ybxy) = y'6r) = ..= ¥"\Ge)) = 0, then equation (1) has one and only one (unique) 
. solution which is y(x) = OV x © [a,b] : Be ig Bah omen Vbutid 

_ , KO In I yp, the solution of. D. E, f (x, y= =— at Wr) = “Yo} must — ae two 0 supplementary RUHR: 
a a Solution os the D.E. 


(i) Solution satisfy the initial condition ie v5) = Vo. 


(2) The DE. f (x, y= a Wj = Vy hae: a unique solution that is sali in some ieedl abo the 


ania point Xy if 
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(i) The function f(x, y) is continuous in some domain D of xy-plane. 


0 
(ii) The partial derivative sf is also continuous function of x and yin D and (xy y,) be a point in D. 
“oy - 


Remark: This aes! is cient: 


(3) | 


Also If f (x) =—, then confunuy of. ra y) is a. suffi cient condition dir the existence of the Solan in © 


_ some nin D. ae i = f(x, y), y(%) z. Yq and |x —x,|Sa, y —Yo| <b where a, b are finite, then 


(i). If ‘f(, y) is continuous over the given interval and 


(ii) SG, y) is bounded over the given interval then IVP. has. atleast one solution in the interval 
|x —x,| $h, where h = min (a, b/m) and \f(x)| < m over the region given R. 


(iii) If f(x, y) satisfies the Lipschitz condition then IVP has a unique solution in the given interval. 


Remark: Condition (3) is suffi cient eandiion but not necessary.. 


(4). 


3.2. 


Also, if by putting the given condition fac €. Y(Xq) = Yo) in the general solution of the given equation, if 
the value of 
(ij) c= 0, then unique solution. 


(ii) c. 0 = I, no solution 


fit)c 0= : 0, then infi mua many solutions. 


Lipschitz Condition 
Let f be defined on D, where D is either a domain or closed doniain of the: XY ies Then, the function f 
is said to satisfy a Lipschitz ‘condition (with respect to y) in D ifia positive constant k sucr that 


he, vy) S06.) [Sky -y . (I) 


. for every pair of points (x, y,) and (, y,) which belong to D. r he constant k being independent of 
GV pV) and is called the Lipschitz constant. The class of all functions satisfying the. Lipschitz condition 


(1) with the Lipschitz constant k ina domain D C R’ is denoted by Lip (D, ). 


re ol 
From the definition, we - note e that if f € Lip (D, », then eee Sk for all ve Fy, 
es ee 
: Hence; to 5 show that tft 3 satis es Lipschits condition with respect toy in D a Re it is enough ify we: 
P prove ‘that of ED FID 5 is: bounded for all (x, » € D Cc R? ihe least upper bound dof the 
oe age oe ; 


expression on the left hand side of the above ingualiy as io Je D gives the 2 Lipscht constant k. 
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Note: 


In the above definition, by a domain D we mean a non-empty connected open set in R’. Hence, the line 
segment joining any two points of D lies entirely in D. 


Theorem 1. Let f(x, y) be a continuous function defined over a rectangle R={(x, y):| x-x,|S a, |y—yo| DB}. 


Proof: 


Note: 


in nR. Let k= heb, 


where a, b > 0. If 7 exists and continuous on R, then f(x, y) satisfies Lipschitz condition with respect — 


sf (x, y)}. 


toy in Rand the Lipschitz constant k is given by k= ub, 
ad (ay)ER 


Since — is continuous in a closed rectangle R, it is bounded in R so that its least upper bound exists 


: 2 fay 


MO. 


Let (x, y,) and A i n any two points of R. Then by the mean value. theorem of differential spittle 
there exists a point e where E is between y, and y, such that 


f(x y)- FO Ya) 1-270 alos- Y2)(%$)E R | | (3) 


Using (2) and (3), we obtain Ifo. y) ~f, y)| Sk ie y,| for all (x, y,) and (x, y,) in R. This proves 
that f(x, y) satisfies Lipschitz condition with Lipschitz constant kin R. : 
The condition given in the above iheorein is only sufficient. but not necessary Sor a function Ke y) to 
satisfy a Lipschitz condition in R as illustrated by the following example: 


Example I, The function I. » ay a satisfies the Hae pondieon, on R= {Gs yD: vi < 1 bl < S$} for . 


which 2, does not exist in R. 
ry 


Solution: Now ftx, y) fe, yy) =¥ [| - WS # ly, Yl | a . - 


Since {x|SI, we get |\fx, y)-f(%y,)| S bi ysl which show that f (x ue E L (R, De 


_ Now 2 = x* ee ye. 


Hence, 2 does jist exist dt inp (x, 9 € R for which x # 0. 


y 


Example 2. 2. Check whether the function ft we y sat es Lipshite condition i in : r a 
a R,= {0.y): bl S1, OSyS2.. ji oe 
i)” R= = {6 y): k.Sa, béySeabe>0} 
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Solution: To prove 
(i) we first note that f(x, 0) = 0 


f&y)-f@0) 1 
y- —0 eal Sea 


Since (x, 0) € R, C R’, therefore (4) tends to so that the left hand side a (1) is unbounded 
as y0. Hence, the function does not ot satisfy Me cid condition in R,. 


Wow 


,y#0 ; .(1) 


(ii) Now L= Fy" . Since ye[b,c], Leb #0. 
dy 


dy 2b’ 


Therefore, f(x,y) satisfic ies Lipschitz condition in R,. 


Baap: 3. Show that the nen f(uy)= OF y = * satisfi ies: ,Lipschit condition in J SJ and 


a 
Ix x-ll< 3 and find the Siskel constant. 


‘COS X COS xX - 


Solution: Now f (.x, y)- fl, ya) Ort) 0 y+ 2) e | 


me pced x 


Cy, - 2) +(¥, - YO, + YW 


= | , 
ia er ae sre Hs y+ y+ ys) es, 


| oe an | | 
~» Since |x—ll<—,we have ~<x<=.. - yu(2)- 
: pe gee ee 

ad the right ct side of (1) using (2), we get . 

Tf) FGI) SGU, “HVE IAD, - ab 

a _ = 

Therefore, f(x, yp i yy) (S22 |y, Yah which shows that one satisf les Lipschte condition in the given . 

‘region with the pene constant 1 2: ; 


oo 4. F ind the largest interval in which the solution of IVP exists. 
Ais IE x pics Oe 0; eae biSt os 


. Solution: 1 he given D. E is j= = 52 + + Oy? 
Since (x, y) is.a continuous function over the given interval : 
(i). fx, yl is bounded over the given interval ne 
‘So, there exists a solution of the problem. 


” Now ee SS h= min (a, b/m) 
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1 
i ee “where max fy) = 14 = le 01S = paar 
=> oe ai 
14° 14 . 
Thus the largest interval is |- ae mat 
14 14 


Example 5. Consider the aly lyE0 and oe condition y(0) = 0 


. Solution: Sum of two non — seeliive terms cre to zero.iff they are separately equal to zero. 


= y0) = 0i is a solution of given ope which also satisfi ies the initial condition. 


Note: Before separating the variables, check if R:H.S. becomes zero by putting 920 as well as L.H.S. and 
y = 0 satisfies the initial condition then y = 0 is.a solution of the given D.E. 


= ; fe ee ee be ba 
Example 6. Consider IVP = = y*;y(0) = 1 then how many solutions does the IVP has? 


Solution: The given differential equation is 2 =y> ay = dx 


2 pos : . _.y3 


2 
soy er +c): 
. Here initial condition is y (0) =] red 
which gives. c = 2 | 
_ 2 
so in this problem ‘c’ is unique - . 


2 7 
> y= “c + i is the unique solution of the given IVP. 6 


_ Example 7. Consider IVP xy" -y = 2x7, (0) = 0. bebe, Pea es 


_then how many solutions Wee the piven I VP has? 


' Solution: Given equation is xo y=2? = by 2x: chien isa linear i in ue 
~ —_ dx de x 
ee es eee 
Nine f-de J. 
- ThasLFo =e * =— 


Xx 
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Solution of (1) is — =|2x-de 
x x 


=> Y22x+¢e 0S ya2x?+$ex 
x 
Since initial condition is y(0) = 0 
‘=> 0=0,s0 here we can't find ‘c’ 


=> Given IVP has infinite solutions. - 


7 PRACTICE SET - 1° 


L. The initial value problem; 1O= =33" 2 (0) = 0 in an interval arounc 


(A) no solution 

(B) a unique solution 

(©) finitely many linearly ‘icine schutions 
(D) infi. nitely many sis sk Sitch sees 


(GA TE-2006) 


(A) a unique solution ER 
(2 ey many solutions _ 


arly independent solutions 


: T Ne initial value problem. 


8 ay ate 
B= “1 where 0 Be R, then ae : : 


ua 3 and p= < 
rs JondB=4 


~(CSIRUGC NET SAMPLE LE PAPER) 


 (GATE-2011) 
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§ 3.2. STURM - LIOUVILLE BOUNDARY VALUE PROBLEMS 
Definition. Consider a boundary value problem which consists of 


(i) A second order homogeneous linear differential equation of the form 
oh £1 ow) au [q(x)+ Ar(x)ly = 0, ge) 


‘where p(x), q(x) and r (x) are real functions such that D(x) has a continuous derivative, q(x) and r(x) are 
continuous on a Sx Sb; and p(x)>0 and 2 >0 forall values of x on a real interval aSxSb; Vis a. 


param eter independent of x,- 


(ii) Two supplementary homogenous boundary conditions 
| A,y(a)+ A,y(a) = 0 a ; 
B, y(b) + B, y'(b) = 
where A,, A, B, and B, are real constants, such that A, and A, are not both zero; and B, and B, are not 


(6) 


both zero. ; 
This type of inten value problem is called a 1 Sturm — Liouville Problem or ‘Sturm — Liouville 
System 
Note: Two important particular te of the supplementary homogenous conditions (6) are 
) Y@=9 yy b=0. - : | 7) 
(i) ¥ (= 0, (b) =0. ae 3 as ...(8) 
Se ie. Jens ss ae | ) 
Example 1. CONSE. the boundary vahie prolem ae —z tAy=0, 7 (9) 
"with y(0) = 0, y (n) = 0 ie oe ...(10) 
Now, equation (9) may be written aa 4] +[0 <a Aly =0. - atl. 1) . 


Recalling the Sturm — Liouville provien 9 ‘al p(x)- 2I, [q(x)+ Ar(x)]y =0, . 


y (a)-= 0, y(b) = 0, (Particular case) . 
. Now, equation @ 1 us is ae the same ea as Sturm-Liowille le rob, where pis =], ae =O and r= zh 


0 2: Find the ‘non eens ie Liotiville pith 
: : aad 


2 5 Ay =0, oe ee ee 
Or 0, a) = 0 ae oe es) 
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Solution. For finding the non - trivial solutions, we consider separately the three cases, namely d = 0, 
i < 0, and i > 0. For each case, we first find the general solution of the differential equation (1) ‘and 
then determine the two arbitrary constants involved, so that the supplementary conditions (2) are also 


satisfied. Now, we proceed as follows: 


Case I: Whenid= 0 
For the case when X = 0, then sn differential equation (1) reduces to 


2. 
ot =0, | (3) 
_ The general solution of equation is y=c,+ex. | (4) 
Applying given conditions (2) to the solution (4 ),. 
On applying y(0)=0, we get c,= 0. (5) 


On applying y (T) =.0, we getc, tem =0. 

Using (5) ie. c, = 0, we get c; = 0. 
Thus, for the solution (4) to satisfy the conditions (2), we must have c,=0 and c,=0. 
Therefore, solution (4) becomes y@) = 0, for all values of x: 


Thus, for the case when the parameter ie 0, we get only si trivial solution of the given problem. 


Case II: When X.<0 
. Let N=-a2, a#0 . 


Then equation (1) gives ee ye 0. 
: x 


in Tr, he auxiliary equation is m’- oC = =0, “which gives, m=, “a 
Therese the general solution of the equation is of the form 


y= ce Vee: oe () ae 

. Applying the conditions (2) to the solution (6). . | 
On applying y (0) = 0, WEES Ghee (7) 
On applying y (™) = 0; we get: ce m4 ce" sad - (8) 


hugs we must determine c, and c, such that the system consisting of (7) and (8) is satisfi ed. Obviously 
C) = 0) = 0 is a ‘solution of this system, but these values of constants give only the trivial solution of the 

~ given system. Ti herefore, we must seek non — zero ‘values of c, , cand é, which satisfy (7) and (8). From the 
if theory. of linear EOS this ptm has non-zero Solutions omy if the determinant of the’ coefficients oS 
- iS zero. ; 


= a netifore from equations ( 7) and (8), we must have 


ee 
ph oo Oe JO 
'. which givese- -e- = 0, 


‘ON -ON 201 
_ wre> =e ore =I, 
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or 200 = 0, 

or a= 0. 

Therefore, the solution (6) is non -trivial if o=0, which is a contradiction because 1 # 0. 
Thus, for the case when d < 0, there are no non —trivial solutions of the given problem. 


Case IIT : When 0.> 0 


3.31. 


Let N=, 040, | 
Th Pee Oe Lo ae z 

en equation (1) gives mete y=0. 
The auxiliary equation is m’ + a = 0, which gives m = + ia. 
Therefore, the general solution is of the form y=e cos 0x +c, sin 0. x. (Y) 
Applying the conditions(2) to the solution (9). 
On applying y(0) = 0, we get c, cos 0+ c, sin 0 = 9, 
and hence c, = 0. 
On applying y (n) = 0, we get c, cos am +- C,SINAT = 0 a, * (10) 
But c, = 0, equation (10) reduces toc, sinan=0,  . meee) 
which gives either c, = 0 or sinan = 0. . 
But ifc, = 0, then solution (9) reduces to unwanted trivial solution 
Thus, we must set sin an = 0, ; ...(12) 
for obtaining non -trivial solutions. 


Now, sin at = ie lad arial ne z [wa#y] 


' which gives a =n, neZ. 


Therefore, solution (9) takes the ori y= ¢% sin nx. As c, is arbitrary, therefore 


" y=c, sin nx, where n é ‘Z and h= 0? = n’; which are the required non —trivial solutions of the given 


problem: 


Characteristic Values (or Eigen Values) and Characteristic Functions (or Eigen Functions) 
Gonsider the Sturm-Liouville problem-consisting of the second order homogenous linear differential 


— equation | pve |t [q(x)+ Ar] y=0, © (I 


and the supplementary conditions 


A,y'(a)= a ee 
A,y(a)+ y(a)= a Q) 


Byy(b) + B,y'(b) =0 


- where A Pp A, B, and B, are real constants such that A, and A, are not both zero and B, and B, are not 
7 both zero. Then the values of the parameter ‘in equation (1) for which there exist non-trivial solutions 


, of the problem are called the characteristic values or eigen values of the problem. 


The corresponding non ~ trivial solutions themselves are called the characteristic JORCaOtS: or eaet 


a fanetions of the problem. 
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Example 3. Eigen value for BVP X"(x)+ AX(x)=0; x(0)=0 X(a)+X ‘(n) =0 satisfy 


(A) A+tanAr=0 (B) JA+tanir=0 
(© vere de =0 (p) A+tan/Ar=0 
| Solution: 


Case (i) When = 0 

X’(x)=0> X(x)=Ax+B 

X(0)=0=> B=0 

X(D=A 

X(z)+X (az) =0— 

>AN+A=0> A(I +1) = 0 >A=0 Aeiaialitie) 


Case (ii) When. >0, let h= uw’ (u #0) 

X (x) = A cos px + Bsin|Lx = A cos Vax - + B sin dha 

X(0) =0 >A=0 . 

X’(x) = Bu cos px = BVA cos Ax 

“X(a)+ X‘(a)y=0 > BsinVAn+BVAcosVAn= 0 =>B [tan VAnt Vale 0,B#0 - 
> Va +tanVAa An=0 , Non-trivial solution. 


Example 4. Find the sincere values and the corresponding characteristic functions of the. Sturm — 


Liouville problem. 

2 ; : 
d EF Aye 0, a (1) 
dx’ . ; : ; : ; ee a 
with y(0) yO) = 0, - (2) 
VO) - VM) = 0. : : 3). 


Solution: For finding characteristic values and characteristic functions, we consider separately the three 
cases, amd N 0,X<Oanddi> 0. 


2y 


CaseT: When N= 0~ 


For the case when Ne 0, the differential equation (I , Se to de 720. re 4). 
” The general solution of equation (4) is y (&) = Cre: *, eu (3) 
- Now, relation (5) gives y ‘@):= c.. rs ()) 


We now apply the conditions (2) and (3) to the solution (6). . 
. On applying (2) i.e. y(0) - -y '(0) = 0, we'get C)= 0, = 0, or AG, mee 
Therefore, (5) gives pies =¢ en + = 
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On applying (4) ie. y(T) - y(n) = 0, we get om te le c, = 0, 

orc,=0 f[asn#0] 

But c, =c, therefore c,=c, = 0. . 

Thus, the solution (5) becomes y(x) = 0, for all values of x. Therefore, for the case when the parameter 
= 0, we get only the trivial solution of the given problem. 


Case I. When <0 
Let h=-0, a#0. | 
Then equation (1) gives a ay =0: . . ..(7) 


The Auxiliary equation ism m’ - Of = 0, which gives m=O, -O. 
7 
‘ Notes on Sturm — Liouville Boundary Value Problem 


A. All the Eigen Values of SLP are real. 
2. _° Eigen Values of SLP are countable 
a Bigen functions corresponding to different agen values, are L.I. 


4 . t f(x) B(x) 0 over (a, Ds ue te) and hat) 6 are e orthogonal. 


wd.» Every sabia order ODE can be written in SL form. 


6. In dah SLP, there is. a one — parameter family of characteristic functions suicapanding to each — 
characteristic value and two characteristic ‘functions corresponding to same characteristic value are 
merely non — zero constant multiple of each other i.e. The SLP cannot have two L.I. eigen function 
conenonae to the same eigen values. 


, bk. i Each characteristic fasion , corresponding. to the characteristic value i, (n = 1, 2, 3,...) has exactly 
(a d ) zeroes in (a, 4): : 


"a 8 : "In SLP, each eigen jancaon can be made real value by mlplying it by an "appropriate non ~zero 
; - constant: Le = eS . 
9.” The arene icioe ‘Poinesbonaine to the different characteristic values of a SLP are 


re orthogonal « on the given interval. . 
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oy 2 rw rere refi R > Ris isa Lipschitz ec continuous function Ti hen. - (CSIR UGC NET DEC-2014) 
ne (A). f()=0.fand only. ifx xe 0 ye “B)yis “bounded: a 2 ens 
a: ( O): y is strictly i inereastig e “®) ee is unbounde ae 


7 2. “ e : Consider the Boundary value  proben (BVP) 


me ‘ ; ag : 6, aa: "pti 
U " u u(0)= “@)= u a ae 


. : Let E denote a anon negative oe Then, which of: the Llo 


ee a 


a eee ee Pade SIR 2 UGC NET JUNE-2013) - 
oo A) There’ ‘exist eigenvalues of the BY, “an gen Functions constitute an 


orthogonal set. : : 2 a ne 


: The eigemalues ot the ‘BYP the ; corresponding eigen functions 


_(GATE-2016) * 


: (cous Gc? NE T JUNE:201 Os 


@prare (01. cs 
a -@) for. a countable nub raf d ’s.: 


§3.3. GREEN'S FUNCTION , 7 : | 8 eae 
Consider a. linear homogeneous differential e eatin of pede n: L(y) =0 a). 


gd” - 


where isa diferential operator 1 = Aobes +t RO) +. A P(3) a AQ 


where the functions P (2), Pie oe 69 « are continuous ¢ on oe b] P 30) # 0 on [a i aa the ondary ef 
fn conditions are | 
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Vi.) = ane af? y'(a)+..4. ap? yy (a) + B, y(b) + Bey bibles + BE Pye (b) 
=0; (k=1,2,...n) sci(3) 
where the linear forms V,,,... Vin y(a),y (a), 0, (nl) (a),y(b),y (b),... yb) are linearly independeie 
If the homogeneous boundary value problem given by equation (1) to (3) has only the trivial 
solution y(x)=0 then the green’s function G(x,t) constructed for any point a<t<b for BVP equations ( ) 
to (3) which has the following four properties: 
(a) In each of the intervals [a,t) and [t,b] the function G(x,t) considered as a function af X is non-trivial 
solution of equation (1) i.e., L[G]=0. : 
= (b) G(x,t) is. continuous in X for fixed t and has continuous derivative with respective to x wie: order (n-2) 
inclusive fora xb. 
(c) _ (n-I)th derivative of G(x,t) with respect to x=t has the discontinuity of fixed kind aia the jump tee 
a eS ee —l 
(d) G(x) satisfies Pomneay conditions i.e., oe (k=1,2, mn) 


n-l 


Result: If the boundary vue problem given by (1) to (3) has only the trival solution y(x)=0 then the Salad 
L has a unique green’s function G(x,t) 


Self Adjoint Equation: If the coeffi cients a,(x),a,(x),a,(x) in the differential equation 


A(X) y’+a,(x)y’+a,(x)y =0 are continuous on aS x <b and ay(x) #0 on a<x<b.Then the 


above differential equation can be transformed into the equivalent self adjoint equation - 
a(x) a 


roy’) + P(x)y = 0 where re= e e M) -P(x)= 


ae ra 


Note: . ; 
* (1) a,(x) has a continuous second order derivative 
. 2) a,(x) has continuous first order derivative 
(3) a, (x) is continuous for all x € [a,b] 


_ Result: The necessary.and sufficient.condition that the above equation.is self adjoint is a’ (x) =a,(x) on .. 
-x€[a,b] .and in. this case, the differential _ equation may. be written in the form 


[ay (x)yT +d, (y= 0. 

a's Consider the equation x : 43x y +y= =v. Here’ les =x? 5a a,(x) = 3x” 
Da), (x)=a,%) © 

- here, ‘the required self adjoint equation is [a,(x)y 1 +a, (x)y = 0.36 yy4 ys =0 


. Result: If the boundary value problem is self adjoint then ee ’S function is symmetric i é., bs y= =G(t, x). The Ei 
converse is also true. 
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Example 1. Find the green’s function of the boundary value problem y” = 0; y(0) = y(1) =0 


(a) 


(b) 


(o) 


~ Solution: Given boundary value problem is y’ =0 = | .. (1) 


The general solution of (1) is y(x)=Ax+B (2) 
Given conditions are y(0)= oe )) y the os 
y(0)=0 > B=0 


y= 0 >Al=0 >A=0° 
=> (2) yields only the trivial solution for the given neon value problem 


‘ a, +a,0<Sx<t 
_ Hence, the green ‘s fiction exists and is given y G(x,t)= es .(3) 
bxt+b,;t<xSl : 
Now the proposed green ’s sfmction must satisfy the PORaw properties : 
G(x,t) is continuous at x=t be, ate an? tb, or (b ra ae os lt) ? 


The derivative of G has a discontinuity of magnitude =F, (8) a at the Coli p= t, where ~ 


P(x) coeffi cient of highest order derivative i in (1) which is 1 


ZZ 


Og er | - | , a 

So (4) => -t + (b, -a,)=0 => bya, = 1. .-(6) 
G(x,t) must satisfy the boundary conditions ie. G(0,)=0 > a, =0- me) _ 
and G(1,t)=0. => bl +b, =0 a ee ee eee 
Put the value of a, in (6);-we get b,=t OO a) 

Now (8) => bl+t=0 b= so ee ee 4, (10) 


(5) > b, =-1+a, 


=a, = 41 a=) | UD) 


Substituting the above values in (3); the required green’s function of the givep boundary value problem. 


: gies 
is genby G,)* tgs, Se 


. — th . bia F ‘af 
a ae e <x st 


|¢- “Oy OSyer 


> OG t)=: bp a8 “is required Green is function satisfying differential equation and.” 


U-ws t <x E 


plein” ee re, ar Be 7 i 7p) << 
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Example 2. Construct Green’s function for the BVP u” ~ u =0;u(0) = u(1) = 0 


Solution: Given equation is u”-—u=0 © 
=> (D’ -lu=0 _ | _ (I) 
=m’ -1=0 =>u=acoshxtbsinhx, where a and bare constants . 2) 
Given boundary conditions are u(0)=0=u(1) 
_u(0)=0 => 0=acosh0 >a =0 
u(1) =0 => bsinh1=0 => b=0(- sinh1 #0) 
=> (2) yield only the trivial solution for the given boundary value pee 
Hence, the green’s function exists and is given by | : 
a, cosh x+ a, sinh x; OSx<t ; 
G( st) = bes 
b, cosli x +b, sinh x; t<x<l iQ) 
Now, the proposed green's function must satisfy the following properties: ae , 


(a) . G(,t) is continuous at x= tie., a, coshtta,sinh=b jcosht+b,sinkt 
> (b; —a,)cosh t +(b, —a,)sinh 1=0 
..(4) 
(b) The derivative of G has a diicontinuiey of magnitude -1/P ,(t) 


< |e] =| 
>)— = 
Ox J. Lox jo P(t) 


=> [b, sinh t+ b, cosh f]—- [a, cosh t +a, sinh t]=—1 


, => (, —a,)sinh t+ (b, ~a,)cosh t= ~ ~1 - rae . (3) 
- ; 
- Solve (4) and (5) we get b, —a, = = Cos (6) | 
; cosh 2t - 
Now (4) 
cosh ¢. sinh t sinh t 
b, - h ¢ --—————-=0 >)5,-4a,= nel, 
= a: cosh 2t aie cosh 2t: Z 
) Gxt) must satisfy the boundary. conditions i i.e., (04) =() a= Oo 
b, = sinh ¢ ane STL =f. -.=>b, cosh1+ b, sinh1=0 
cosh 2 : = 7 
—b, cosh! _. 7 —sinht coshl wo 
>b,2¢ 1 2b = iff 
ws “sinh l sors sinh cosh - eo ee oa eo) 
0: ae eosh f _=sinht cosh TeoRA _ —Sinhtcosh1 + cosht sinhl: 
te 2" Cosh 22 -sinhl cosh2t. cosh’ sinh cosh2r 
sinh(\-1) ™ : Bg PS Oe, Nee 
ae 


a = 
? sinh1 cosh2t 
_ sinh(- Sy aahe 


Substitutin the above value i in (3). we get a coshx +a; sinhy = 
ae ae 6) one : ~ sinht cosh2t 
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int sinht cosh sinhx 
and b, cosh x +b, sinh x = 2bFcohs eee 


cosh 2t cosh 2t sinh 
_ sinh#feoshx sinhi — cosh sinh x). _sinht sinh(l — x) 
- cosh2tsinhl . -. cosh2t + sinh! | 
| | sun sing 5304 
sinh 1 cosh 2t 
hence, G(x,t)h=4.. is required Green’s function 
sinhi sinh(I-x) <] 
-sinhl cosh2t > 
2 


Exercise 1. Find the green’s function for the boundary value problem on +0 y =0; y(0) = yl) =0 
~ Exercise 2. Find green’s function for the differential equation y” + y’= 0; y(0)=y(); y’0) ii) 
Seales okey 


1. | T he Green’ s function ee £),0<x,éSlof the bony value probln y Aye 0, , = 0= y() is 
ae . an GENET NE) : 
siadne inxand § oe 
a (@) continuous atx=§ : 


“be 
yx x 3) Al Xy pence aq -t! ive 


ce at na x *), fale Dany a - ay 


2, jG penis a~ t ‘fale peu ~x ). 


2 Os ‘Abs prot an Psplanm— ra a 2 ) 
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a 0) y= ‘Oisgven nx) ele Cte ab Fas where (sie UGC NET DEC-201 
won (ga tse wo6)- vemass 
| : E(x-D; aad ee Jé (x~ “Dig 
Poe, © ut bis eek tthe pew &)= a oat 
~ Sta “be - o, BS i | 


edt, u 


+ a UGC NET JUNE-2013) = 


correct? - 7 
EA (A) _ ‘The Green’ s pee G(x, sb, (x, Delo [0, x10, Th fort the above BYP is 
for OSx<o 
G9) = te for: fsxsl : 


i 


B) . Both G and and 2a are continuous “10.1 y 


—_ oa 0s ne pexSi « . 


(CSIR ocean “ 


> By is discontinuous at x= =1/)- a ae 
(D) does not have the. ae derivative a at x= =I, pogo 
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KEY POINTS 


a | inDE.: Y. 
Yn DE 


- (2), van Yor i is) safes Lipsohit santion: it hae unique I hatin otherwise it h 
= infin ntely many 0 or no ‘solutions. a . ‘ 


-> - 4 y Bape y», ya) Yo and x= =x JS. a, |y- fz <b, fb y) is bounded over h iveni interval then Wwe. 


Sas iis atleast one solution in tie interval x - * Sh, where f= min, (a bim) ai VW)|S m over the region . 


= s given R 


. > a : qT he e fimetion fi is. ea to satisfy a Lipschitz condition (vith respect. to ii in nD if 4, a uosihed constant k sich: 
wee that. i (x, yy). f(x, “a Is . ii vb D is ‘domain of, f The: constant ki is called the ae constant. 


>. yf the ana) value ‘second order aierenta equation a ihe fora a ale POY Aa + in) y. =0; : 


where Pe), q(x) and r (x) are ‘eal functions, pts) has a continuous derivative ona Sx Sb, p(x)>0 and = 


sy re)» >0 ae all. values a % his is a a partimeler independent ie x with-two es ek 


SOLVED QUESTIONS FROM PREVIOUS PAPERS 


ea 
Example I. Solve Y _ yiwith y(0) =0 
dx 


t 
Solution: The given differential equation is Leas) 
dx 


yy 
ae ear eee 1 ; 2 1 ok 
Sonepat pe een eee ye ay. eves 
1 2 : ; : : ‘ 
ao, wi Jer ox2l Pee ee . 7 
Moreover, y=54 , is.also solution of differential equation 
0 otherwise 
_ ee os 
In general, y=4 4 s: 
0 , otherwise 


hence, this differential equation has infinitely many solutions 


Example 2. Find eigen values and eigen nee af [ty ‘Ol (? yo y w= 0, yM=y it) 0 


Solution: The given differential anita is s (ty’ (t)] oc poe 0 


t?; ty"(t) if ty'(t) +hy=0 


AE. is (UD +tD+ Ny=O, where p= : fd 
It can be reducible to-a hontoxenous equation with constant coeffi cients put t =e => iD 6, 
_t’D’ =0(6- 1) - 
Equation (i) reduces to @ (8 - )+o+n=  * ee se 
ee et ee ee es 
"~ Here, it arises 3 cases: = < ‘ BO Geese!” 
— Casel, 4 =0 . 


eS e°=0 =>y-= d+ B=>y- ‘Alogt +B ay')= Oiand ye") = a 
yQ=o> A= o>) -B,Bisarbirary 


Taking B = 1 (say) — . 
>> y(t) = 1 is eigen function corresponding to eigen value= 0. | 
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Case II Let X = -’, where w# 0 
>@=">0=t1 , 
The solution is ses Ae™+Be™ >y')=Aul! + Bey 


y'(I) = Aw-Bu=0 


ye") = Ape) - Bue) <9 => A-B=0 eee Gana ae Be™ =0 
On solving gives A=B=0 


.=> y(t) =.0, which is trivial solution. Hence it is not an eigen function, 


Case III: Let = 2, where w# 0 => 6? = -p’ => 0 = tip 
The solution is y = A cosyiz + Bsinuz 
y' =A cosp. (logt ) + Bsiny (logt) 


y(t) (4 sin (log 1+ Hoos (log t) 


Given y'(1) = 0=> yi) = 0+ Bu= a 2 0 
As, Lx 0 > B= 0 

y(e") =0 | 
if sin (4 2n)=0> 27. nh a= T5253) 23 


p=— (n=O is not considered as it done in Case I) 


= 
2 


nr - 


=> vide Fost) wi A= seat r 


So, the required eigen functions y,( 1 ) with the corresponding eigenvalues 2, are 
2 


y, (t) =cos( 2 los} =1,2,3,..,4, ay and y(t) = 1, with 4 = 0 
Example 3. For initial value problem °. = y + cos? x, y(0) =0 find the interval of existence of its solution 
given that ba y):0SxSa,l yl<b,a a ‘ — -. * (CSIR UGC NETJUNE 2015) . 
Solution: Let Na, y) = y + cos’x’ 
ff, Wl= by? +05 bi s bf + le? + I 


Era 2b = x 


eo, > fl y) satisfi ies Lipschitz condition 


The ye) exists for 0Sxsh= min eS 7 (i) 


b ee te 
Let = ES b) = ———_—_ 
een) b? +1 g() (b? +1) - 


put g'(b) = 0 gives b = +] 


g'(b) < Oforb=1,-1 . 
=> b = +1, both are points of maxima. . 


4] =] 

N=-— g-)=— 
— gil) 3 g(-l) 2 
Maximum silie of ig 4 
ae “B+ 2 


=> h=> [from (] 


So, solution exists in largest interval 0 < x < * 


Example 4. Derive the transcendental equation for HEACTITANS rV for BVP 
y'+A2y=0; y(0)=0 


y(l) = y'Q) 


Solution: 
* Cased: if N>0 ; 
y =A cos hx + B sink. As, y (= —0=> A= =0 > ys ~B sine => y = Bh cos dt 
y@=yM) 
=> B sind = Brcosh eT ne 
For non ~trivial solution, B#O - 
=> sini-icosh =0 a 
| et a Bie esate 
| oy =0=> y =AxtB 
YY Q=0>B=0.- 
yM=y Do. 
DASA we a 
. Y @)=Ax is the eigen function corresponding to eigen value A= 0. ¥ 


. | Example 5, Let P be a polyriomial . of degree N, with Ne > 2, Tdi the . ‘initial sds ‘problem 
u .) = Plu (t)), u(0) =1, has always 
(ADA unique solution i inR 


cS CSIR UGC NE T JUNE-201. | ae 
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(B) N number of distinct solutions in R 
(C) No solution in any interval containing 0 for some P. 
(D) A unique solution in an interval containing 0 


Solution : (4) Given u'(t) = P(u(t)), H()= =] 
Consider P(x) = x’ ; a . 
u(t) =u'(t) = du _ yes du = dt» Integrate on both sides 
dt ue? : 
—1 
>—=ttC - 
u 
Also 2(0) =! >C=-! 
-] 1 
 =t¢-1=>u =— 
u 1- 5 ; 
which does not exist at t = 1 but exist in an interval not containing 0. | 


*, Option ‘D’ is true. 


Example 6. Let —Ax)y=0, OS x<00, y(0)=1, 20) =1, where q(x) is a positive monotonically increasing 
om 


continuous function. Then (CSIR UGC NET DEC-2011) 
ioe dy 

ADO) as Baa eo . oe) 2 = as x 0% 

(C) yx) has fi nitely many zeros in [0, ey ©) ye). has infi ee many zeros in (0, oo) 


Solution: (A,B O Let ae <i ie 6) is monotonically increasing and continuous function) 
Then the given equation becames 


d’y 
a ve 
(D? -1)y=0 


t 


Dm y=ce+oe'> yee eee: 
As. oe ieee ea 
co Also. 20-= => 3 =1- a 
a oF ie oe =0 ae 
= yao asx and Bee asx 


_ Also, y(x) has finitely many zeroes in [0;™) 


sperrensararrernn mire steecasntcietant erates © the 
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dy id . 
Example 7. The solution to the initial value problem —- r BA Mp ol a +5y=3e" sint, y(0)=0 and dy (0) =3, is 
| é fa | dt 


(GATE-2014) 


(A) y(t) =e" (sin t + sin 22) , eS . (B) y(t)=e7 (sin t +'sin 22) 
(C) y(t) =3e' sin t | (D): y(t) =3e7 sin.t 


GeO re at aed 
Solution: (B) 7 ss aan ae =3e™ sint, where y(0) = 0,— (0) =3 
Auwiliary equation of +2D+S5)y= 3e" sin t is (m’ se 0>m=-1+2i 
' Sy, =e ‘(C,cos2t + C, sin 2t) . 
1 


t -- 
Pires integral is 3g. 1b sint =3e7 sy 
_ D?+2D+5 Dap Dass 


sint =e sint 


= 3e" ! sint =3e* 

= opt aea -1+4 | 
>y=e "(C, cos2t + C, sin 21) + €" sint, sheny = 0> oF =0 
Therefore, y = e" C, sin 2t + é" sint 


Given y'(0) = I> C, =1>y) =e" (in 2+ sin) 
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ASSIGNMENT - 3.1 
NOTE: CHOOSE THE BEST OPTION 


I. The differential equation “ = ; [| y|, for 0<y<10 and y(0)=0 
t 


(A) has unique solution i . (B) has no solution 
(C) has two independent solutions (D) has infinite solutions 


2. For the Sturm — Liouville problem (1+x? iy + 2x fs Ae y=0 with y W= 0 and y ‘(10) = 0 the eigen 
~ values, A satisfy . 
(A) AO © ® A <0 . me A #0 (D) A <0 


3. For IVP y= =D), yO= 0 which one is correct ina eer re of 0? 


(A) It has unique solution . _ (B) It- has no solution 
.(C) Solution exists but not uniquely . . - (D) None of the above 

4. The ordinary differential equation 12 y = 2x? with initial conditions y(0)=0, has 
(A) no solution | (B) a unique solution . 
(C) two distinct solutions (D) an infinite number of. Solutions 


5. The initial value ee a y, y0)= 0,x>0 vias 


iA) no solution 7 By a ‘unique solution 
(C) exactly two solutions ye (D) uncountably many solutions 


6. The solution of oa = y’, y(0) =1. exists for all 
(A) xe (-0, dss ‘@) xe [0, a] where a>I. ADs € oe oo) (D) x € [1,a] where a>I 


de For: the Initial value problem (. VP) :) ry =f (x, jj with y(0)= 0, which of the following statements is true? 
(A) S&, Y= fay Satisfies Lipschitz’ 's condition and so I.V.P has unique solution. 


~ (B)- fl, YW > Sy does not satisfy Lipschitz’s condition and so LV.P. has no solution. - 


. C) fo, y) =\y| satisfies Lipschitz’ ’s.condition and so..V.P. has unique solution. 
So (D). St, y) = |y| does not ey) Lipschitz’ 's condition still-LV-P. has unique solution. 


hee 8. T hé set a all eizeivahies of the Strum—Liowville rb gee +y=0, y'(0)= =0, y ie ) = 0, is given by 


AAS 2n, n= 1, 2, 3,. a BNF In n=0, 1, 2,3, ... 
Soe ant, n= ee . | (D) i = 4n’, n= 0, 1, 2, 3, 


9. 


10. 
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If y(x) is the solution of the differential equation a = 2(1 + y) Jy satisfying y(0) = 0; y(w2) = I, then 


the largest interval (to the right of origin) on which the solution exists is 


(A) [0, 3n/4) (B) [0, ™) | (C) [0, 2n) (D) [0, 21/3) 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


For the initial value problem (I rp) 2 lao =i y) with y(0)=0, which of the following is/are true? 


(A) If f(x,y) satisfies Lipschitz’s Side then IVP has unique solution 


Ait 


(B) IVP may not be unique although f(x,y) is. continuous 
(C) IVP does not satisfy Lipschitz’s condition still IVP has unique solution 
(D) IVP does not satisfy Lipschitz’s condtion and so IVP has no solution 
; 7 / 8 ; 
Ina Sturm-Liouville Problem, [r(x)yT + (g(x) + Ap(x)]y = 0; ay(a)+ By (a) =0 and - 
w(b) + dy’(b) = 0, which of the followings is/are true (or xe [a,b]? 


. (A) r(x) is continuous and p(x) > 0 


(B) Atleast two from a, B,y,5 must be nonzero _ ; 
(C) Atleast.one from a, Bis non zero and atleast one yom v,6_ is non zero 


—() [ P()Y (OY, (2d = 0, where re Yul) and y,() are two eigen puncdone 


12. 


Which of the followings is/are true doi Sturm-Liouville Problem (SLP)? 
(A) All eigen values of SLP are real and non negative. 


: .B) Eigen functions carresponding to di ifferent eigen values are orthogonal with respect to weight function. 


13. 


14. 


(C) SLP has always an eigen function. . 
(D) For each eigen values ore a SLP there exists only one linearly independent eigen function. 


Given, continuous | function ia y) = y" 7 on rectangle IxI< Ll y I< 1, which m the peyote: are true?” 
(A) This function satisfies Lipschitz condition on a rectangle. 
(B) This function does not satisfy Lipschitz condition on a rectangle, — 

ay 


, constant fory=0 °° 


< constant fory=0 — 


) far 
oy 


Gren the initial value’ ionlan one x0 = then 


_. (A) there exist atleast one ae an 
~_(B) there does not exist any. solution 


(©) the. initial value. problem has no unique ‘solution ee 


a ; : @) the the given problem possesses a ane solution me I x- Hlkt. 
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ASSIGNMENT - 3.2 


NOTE: CHOOSE THE BEST OPTION 


1. If Sis either a rectangle |X—X, |Sa,| Y-Yp I$ b(a,b>0) or strip |1x-x, Sa, | ylxeo(a>0) and if fis 


real valued continuous function defined on S and ~—— exist and also, Fa f(y) 


dy 


Sk,(x, y)e S for a 


"positive constant k, then - 
~ (A) f satisfies Lipschitz condition on S with Lipschitz constant k. 
(B) f does not satisfy Lipschitz condition on S with Lipschitz constant k. 
(C) both (a) and (b) are true. 
_ (D) none of the above. 


2 The largest value of c such that there exists a function h(x) for -c <x <c that is solution of = ey 
with h(0)=0, is given by . | 
4) 2 1 ee C) & (D) @ 
A . cs aera (D) % 


3. Ina sufficiently small neighbourhood around x= 2, the differential equation 2. “- y(2) = 4 has - 


(A) no solution __ (B) a unique solution 
(C) exactly two solutions: so - - (D) infinitely many solutions 


4. The Sturm — Liouville problem : y" + y= 0, y'(0) = 0, y'(%) = 0 has its eigenvectors given by: 
_ (A) y = sin inva i . (B) y = sin nx 


‘(Cy =cos (n +3}: . : - . (D) y =cos nx ; where n = 0, L Dice 


5. The eigenvalues of the Starm Liouville system y" + Ay = 0,0 Sx S71, y(0) = 0, y'(m) = are 
: . | (2n-1) 2n-1 
are a oer Rikers y 


2,2 
» Die 
ae 


6 ‘Let n be a non- “negative integer. The eigenvalues of the Sturm:Liowvlle problem £2 ftv 6, “with 
, F “dx? 


‘ii boundary conditions (0) = (20), (y= ay Y (apy are oe 
en a Brn : Oe «i 7 . (D) vn’ 


; 7, “For the Strum Liouville iroblons io +x ‘y" ep ay +d’y = 0 with y'(1 ) han d y'(10) ap the eigen- 
values A, satisfy om dt Megs See ae ef ote, ag 


ke) 
eb te: 


f 
+ 
i 
x 
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(ANZO- B)rA<0 (#0 - (D)ASO 


8. Consider the following statement for IVP o =x’+y, y(0)=1,D: |x| < 1|y _ | <1 
i. It has a solution which exists for all X _ 
ii The local interval for which the solution exists uniquely is [4 <3 


iii. It has no solution in the interval [4 <3 then select the correct code 
(A) only (ii) is true : — (B) (ii) and (iii) are true 
(©) (i) and (ii) are true - (D) all are true 


- 9. The Lipschitz constant of f(x,y) =e inD:0SxS p, yl < ©, (p> 0) 


(A) 2p az (B) 2p (Cmax {2p’, 2p} (D) none of these 
~ 10. The aierenl equation y’ = > !) ; (0) = 1 has 
x “3 
(A ) no 6 solution 4 ‘ - 8) unique solution 
(C) infinitely many salidions * (D) two solutions 


NOTE: MORE THAN, ONE OPTION MAY BE CORRECT 


Il. For Sturm-Liowille Problem, y” hie 0 and 1 (0) = Q= y(Z), OS XS z. 


(A) the eigen values of the problem are - A= n n= jee 
(B) the eigen values of the problem are A= =n,n = 1,2... 

- (C) the eigen functions are y(x) = sin nx, n=1,2,.. 

- (D) the eigen punceons are (a) = cos nx,n=-1 ~2,.. 


pa &. =1+ y’, y(0) =0 in the domain R = i) : Lx| <5, |y| < 3} the-equation has -- 
(A) no solution < _ (B) unique solution for |x|<0.3 
- (C) infinite number of solutions ee -(D) mans about solution can be concluded 
13.. Which of the following satisfy Lipschite condition? . | 


as (Ait. y= 4p +x" onD :|t|< 1, el < 1 2 Bhea- = t’cos’ x + xsin ‘tonD: id <i i < 00 | 
ae oe Both a and (B) oe a ON Neither es nor (B) : 


‘4. Which oft the flowing is an eigen value of diferent equation ve Me -y =0, wl) =0, 
S ¥2)-y¥'(Q)= 0? a ea. < 
mee (A) nln €.N. ie ol a . | (0 . _ (D)2 
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CHAPTER - 4 


INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS AND 


ALL 


4.1.2. 


4.13. 


@ 


_ fi 


PARTIAL ee EC UATIONS OF FIRST ok 


PARTIAL DIFFERENTIAL EQUATION 

If a dependent variable is a function of two or more independent variables, hen an equation involving 
partial differential coefficients is called a partial differential equation. The. order of a partial 
differential equation is the same.as that of the highest order differential coefficient in it. 
dz 


Ifz =f (x, y), where x-and y are independent variables, then the partial differential coe cients ae ay 


are denoted by p and q respectively. 


Formation Of Partial Differential Equations 
The partial differential equations can be formed either by elimination of arbitrary constants from a 
relation between x, y, z or by the elimination of arbitrary functions of these variables. 


Solutions Of Partial Differential Equations 
The solution f(x,y,z,a,b) = 0 of a first order partial differential equation, which contains two arbitrary © 
constants is called a complete solution or complete integral. 
If in this solution, we put b=(a) and find the envelope of the family of surfaces f(x,y,z,a,0(a)) =0, we - 
get. a solution involving an arbitrary function . This is called the general. solution or general . 
integral. A solution obtained from the complete. integral by giving particular values to the arbitrary 
. constant is called a particular solution or particular integral. 


‘Types Of Partial Differential Equations. 
Linear PD. E. : A first re Dp. d e. is said to be a linear sajation ifi it is linear in "P qe ahd Zz, 1e., f it is 


- of the form P(sy)p + Oey)q = Roy) 2 + + Stay). 
e.g. yp ~ ae aye tx 


Semi- linear P.D. E.:A first Sey p.d.e. is said to be a sepititheli equation if it is linear in P p and q 
- and.the coefficients of p and q are the functions of x and y only, i.e., it is of the form a 
.. Peeyp + Obay)q = RG, 2 
e.g. &p—yxq = = x2", 
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(iii) 


(tv) 


Note: 


4.1.4. 


Note: 


(a) 


(b) 


Quasi linear P.D.E. : A fi rst order p.d.e. is said to bea quasi linear equation if it is linear in p and q, 
ie., if it is of the form PUny.z)p + O(xy,2)q = i 4p 
eg. (xX +z )p-xyq=azxty. 


Non-linear P.D.E. : : Partial differential equations of the form f(x,y,z,p.q) = 0 which ie not come under 
the above three types are said to be non ~ linear equations.. 


 @.g. pg =2 does not belong to any of the first three pss So, it is a non — linear first order p. of é. 


We oneenied that by eliminating arbitrary Aichions?: we always beedncs quasi- linear partial 
differential equations, only. However, we get both quasi-linear as well as-‘non linear partial differential 
equations when we eliminate arbitrary constants,» 


Classification of kitegrals 


Let us consider ave nie: de foeyy2 ,Z,),q) = 0 ie. (I). 


| Essentially a solution of (1) in a regionD CR is given bye zasa Consnnousy differentiable function of 


x and y and (x,y) € D 
further if one computes p and q from it and substitutes them into (1 ), ‘hen the saubtion reduces to an 
identity in x and y. There are different types of. solutions (integral surfaces) for the first order p.d.e. (1). 


A solution z = z(x,y) can be interpreted as a surface of the partial differential equation. 


Complete integral : A two - parameter family of solutions z(x,y,a,b), . 2. ..(2) 
is called a ‘complete integral’ of (1) if in the region considered, the rank of the matrix 


i? Fo. Ee. 43 
M= 3 is two. | 
Fe Fy, 


_ General integral : In. 0), if we take b = ag (a), we get a one e parameter family of sélulions wa () sihioh . 


is a sub-family of the two parameter Jeatly (2) as z = F(x,y,a, (a). _ ...(3). 
‘The envelope of (3) if it exists, is obtained by eliminating a between (3) and F +F, @ (a)=0 . @ 
Tn fact, if it can be solved fora, then a= ay). 


r 


- Substituting value of a in (3), we obtain an integral surface as Z=F. fx.y,a(s, y), play} ...(5) 


| Uf the function’ ¢ which defines this sub-family is arbitrary, then such a solution: is called a general 


ser integral. (general solution of (1)). When-a particular ‘function @.is used, we obtain a particular solution . 


Note: 


: oF the de. Dijerent choices a é may give di ifferent particular solutions a the P. de e. a ees 


A general integral hence involve an arbitrary function and the following lemma shows that it is indeed as 


ee a solution mele the given p.d. a. 


. 4.1.4, 


@ Lemma, Let z = Féj,a) be a one ‘pipaineiet family of schilead of (1 ya Then ihe envelope f this 
one- parameter family, ifit exists , is a solution of (1) Age abe Pt 
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Proof: 


Note that the envelope is obtained by eliminating a between z = F(x,y,a), (6) 

and F (x,y,a) =0 (7) 

Hence, the envelope will be given by z = Givy) = F{x,y,a(x,y)], where a (x, y) is obtained from (7) by. 
solving for a in terms of x and y; 

The envelope will satisfy the p.d.e. (1) for,G, = F,, + Fg, = F. and G, =F, + Fa, = F, Since F,=.0, 

Thus the envelope will have the same partial derivatives as those of a member of the family. The partial 


- differential equation at every point being only a relation to be satisfi ed between these derivatives, the . 


__ envelope satisfies the p.d.e.(1). 


oO 


4.1.4, 


Proof: 


Singular integral : In addition to be ‘general integral’, we can sometimes obtain yet another solution 


_by finding the envelope of the two parameter family (2). This, is obtained by eliminating a and b from 


the equations Z=F(x, y, a, b); F,, =0, F,=0, ». 96(8), 
And is called the singular integral of (1). 


(ii) Lemma. .The singular integral is also a solution of the partial differential equation.. - 
Let Z = F(x,y,a,b) be a complete integral. 


We will show that the envelope of this two parameter family, if it exists, is also a r solution. 
Note that the envelope is obtained by eliminating a and b between 


Z=F(xy,ab) (9) 
F, (xy,a,b)= 0 (10) 
F, 4 y,a,b) =0 (LL) 


. ae the envelope will be given by Z = G(x y) = F(x, y,a(x,y), d(x, y)), 


where a(x,y) and b(x,y) are obtained ‘from (10) and (11) by solving for a and b in terms of x and y. 


ae he envelope will satisfy the given partial di ifferential aa For, 


G, =F + Fa. + F,b,= i 
G, =F.+Fa,+F,p,= Ee 


since F. =, F,= 0. 


That is, the envelope will have the same partial deriitsies as a member of the family. This smelipe if 
it exists, is also a-solution. - 
The eter, integral can, however, be found by p.d.e. itself viiliont knowing any complete Integral. 


414, ey Lemma. The singular solution is obtained by alioinating pand gq from the equations 


Proof : 


f 
" ; 
‘ eae 
é : : 


 fQsy.zp.g=0. wh ee ee Sy 
“Fy@mepMedp ta 
ACHP) OF : Suites Get. ae a ae 


Since.z = F(x,y,a,b) is a chabtei integral of (1), the equation Gh eid —o 
fy, Fecy,a,b), Fxy,a,b), Fxyab)=0 2 ...(13) 
which holds identically oe a a and b can be differentiated with respect to a ane b, and hence leads to 
ce Ph 
LF y+ f,Fs Pies a 


(4) 


DIFFERENTIAL EQUATIONS CHAPTER - 4 
On the singular integral, F, = 0 and F,, = 0. Therefore, the equations in (14) simplify to 
1 ae Br oe =0 , 


ple ttP =0 
On this surface, F 


Ee Pe dee 
F, Ea. Bey 


eek 


mE BP gar (ince F, =0, F,=0) and hence f,=0, Se =0. Otherwise the matrix. 


will not have rank two contradicting the fact that z=F (x,y,a,b) is a complete integral. oe the as pe : 


(ad) Special integral : Usually (but not always), the three classes (a), (b) and (c) given above include all the’ 
integrals of the first order p.d.e ...(1). However, there are some solutions of certain first order partial 
differential equations which do not fall under any of the three classes (a), (b) or (c). Such solutions are 

called ‘Special Integrals’. 


2 | ; 
Example 1. F(x + y, x-Vz) =0 is the general integral of the equation p-q=2 Vz . Butz = 0 also satisfies this 
equation and it cannot be obtained from the general integral. It is a special integral of the eqaiion A 


| complete integral of the pd.e. is went ax+ y). he 


(a-l) 
Example 2. Consider F\ (xy, 2,p,q)=2~px-qy - p’ —q° = 0 ..(15) 
The two parameter family of planes z =F (x, y,4, b) = axtbyta’ +h, ..(16) 
is a complete mere of ( 15), since the matrix i sia 4 , is of rank two and these planes satisfy 
"~* y+2b 0 1)  . , Ne ae 


the p.de. (15). , | | 
Let us now take b = .{(1—a’) . Fhenz = F(xy,a, 4 (i- a’) ) =ax+a)(l-a?) y+h, °° 
OF ay 
ae re 
On eliminating a, we get (z - 1 P= ty’). . 
"This is a particular solution of the given p.d.e. 


Ifwe take b= a, then z=axtay+2a° a. = 0 => xty= 
a 


On eliminating a, the envelope is 82 = - (x + yy’. 
This is another particular solution of the given p.d.e.. 
_ Now from equation (16), the conditions F, = 0 and, Ee a pecome F= =X + 2a = = £02 ai 7). 


ME te =y+:2b =.0, respectively ° ee We aes fh) e 
On eliminating aandb between equations i 1 6. (al 1 7) and al 8), ‘we ob ta the. singular fie as 


ga ty). Ss (ID) 
| which is a parabalotd of? revolution. . pee EES as 


. Note: - Using Lemma, the oe integral can ust) be obtained directly by eliminating P and q between ( 15)" 
“Gnd Fo xp = 0° 2 amie 20) 
B29 2 a a a i i i ne Cae eam (7) 
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§ 4.2. LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF FIRST ORDER 


4.2.1. Lagrange’ 's Linear Equation 
The partial differential equation of the form Pp: + Qq = R, where P, 0 and R are functions of x, y, z is 
the standard form of a linear partial differential seer of the first order and is cae Lagrange’s. 
Linear Equation. Working Procedure to solve Pp + Qg = 

(i -_- Form the Auxiliary equations a. oh = a 

(ii) Find two independent solutions of the auxiliary equations. Let u=c, and v = c, be two solutions of these 
equations. 

(iii) — Then f(u, v) = 0 or u = f(v) is the solution of the given equation. 

4.2.2. Integral surfaces passing through a given curve: In the last section, we obtained general integral Pp. - 
+ Qq = R. We shall now present method of using such a general solution for getting in the integral — 
surface which passes through a given curve. 

Method : : Let Pp + Og = ae = sie 
be the given sis let its auxiliary equation gives the following two independent solutions. 

u(x, y,2)= c, and v(x, y,z)=c, AY coe 
Suppose we wish to obtain the integral surface which: passes through the curve whose equation in 
parametric form is given byx = x(t), y =y()) and z=2(t) Z ee ID 


A differential equation involving first order partial derivatives p and q only is called a pera 
differential equation of the first order. 


If p and q both occur in the first degree only and are not mee gether, then it is called a Baear 


partial differential equation of the first order. 


"where tis a parameter. Then (2) may be expressed as ufx(t),y(t), z(J=c,, 


v[x(t),W(Y),2()]= Cz (4) 
We eliminate single parameter t from the équation of (4) and get a relation involving c , and C,, Finally, 
we replace c, and c, with the help of (2) and obtain the required integral surface. 


Example 1. Find the integral surface of the linear partial differential equation. 


xy? +z}p- yl? + zy = (x? ~y \, which contains the straight line Oy z=1, 


Solution: Given xy? +z)p- y(x? +2)q= (x? -y 2), —(D) 
si S oe oe of c ) are : po ee 
| AD 
Goa Je +z). = Ye NE. . . ga27 aes fom Pa atte 
Solving, we get Hea e x +y a a ay Oe a (3). - 


Taking (t) as parameter, the given equation ‘of the “straight ve x + y = = 0,2 = 1 can be put in oo 


parametric form x = ft, Yat z=]. ete (4) . 
Using (3), (4) may be re-written as —t? =e, oy =C, These gives Ro oe _ 
2(-c,)-2=c, oF 2c, +c, +2= 02. a 5) 
Putting values of c, and c, from. 3) in O), the erred integra surface is is = 


; aye +x! Ss - 22 +2 = 0 


‘gpstccibeagh 


4.2.3. 


Surfaces orthogonal to a given system of age 


Let f(x,y,z)=C (1) 
represents a system of surfaces, where C is parameter. Suppose we wish to obtain a system of surfaces _ 
which cut each of (1) at right angles. Then the direction ratios of the normal at the point (x, y, Z) 
to (1) which passes through that point are FF Of 
; ox "dy dz 
Let the surface z gl in a. FM — ae ese wi(2) 
_ cuts each surface of (1) at right angles. Then the normal at (x, y, z) to (2) has direction ratios. ee 
; * OY 
-1 ie. p,q, -1. Since normals at (x, y, z) to (1) and (2) are at right anglés, we have , 
fs of of =0 or po a of _ of eee 7) 
ox dy dz ox aay? dz 


- which is of the form Pp + Qq = R. 
; as we can easily verify that any solution of (3 ve is orthogonal to every surface of (1 ). 


Example 2. Find the ee ‘which intersects the eines of the Diem 2(x + y) = c(3zt1) orthogonally and - 


which: passes through the circle x* +.’ =1,z=1 


Solution: The given system of surfaces is given by f(x, y, z) a) = 
z . . 
fy) <2 - | oe (1) 
3z+1 . 22 x 

; of _ Zz of _ Zz Jaen ) 13z+1)- 23 _ x+y 

“sox* 3z2+1 dy 3z+l’ oz. °) GBz4llY. z+ 

The required orthogonal ata is eal Ps “ e L 2 5 

Z. xty_ - 
OF Pee: de or (3241 +2 324+ Iqaxt sa(2) 
a 3241 - Bet) ee ee ee Dee : 

‘dy dz 


Lagrange ’s auxiliary equations for (2) are 


2Gz+1)_ zGz+1) xty Dew 


taking the fi rst two fractions of (3), -we get dx — -dy=0 . 
Integrating both sides we getx-y=C, ess 3 ae an are ee) 
Choosing x, y, -z (32+ 1) as multipliers, each fraction of 3) 


_ = tht yay (32+ 1)de 


0 


| pads + yay - 32° ee “rde = oO 


Integrating, (12). x2 E(ua)y? “(ch in\. ure SWC, a +y ~23 =z et Oe 6) 
. Hence, an surface. which is orthogonal to (1) has equation of t the form oe 


x + y= 2z>~z? = O(x-y),. being an arbitrary function. 


Jn order. to. get the required: surface passing: through the circle x° + y = 25 =1 we_must choose 


-_ ole y)= 22 thus, the e required particular surface i is x 3 =2e -2 = =2 
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§ 4.3. NON-LINEAR PARTIAL DIF FERENTIAL EQUATIONS OF FIRST ORDER 
These equations will contain p and q with powers higher than unity and the products of p and q. A 
solution of such an equation containing as many arbitrary constants as there are independent variables, 
is called the complete integral. A pate ie integral is obtained by giving particular values to the 
constants. 

(a) Equations of the type that in ine P and q only 

e These equations are of the form f(p,q)=0 oD), 

_ Evidently z=axtby+ c, where a and b are connected by. the relation f(a, b) = 0, is a solution of the given 


equation. Differentiating z = ax + by +c, w.r.tx andy partially, we get p = =aand 


substituting these in ctniaiions Wy we get, fla, b) = 0. From the relation Ka, by = 0, we can find b in 
terms of 4, Say, al and then PHS this value of 6, the compile solution is given by : 
z=axtyF(a) ak ; 


Example 1. Solve q=3p* - LAD 

Solution: The equation is of the form f(p,q)=0. ; . 
. The complete integral is given by z=ax + by +c, where b=3a’. (By substituting i in equation (i) 
‘. The complete sas da is z=ax +3a’y +c 


(b) ~ Equations of the type z = px + ay +f, @ 
This type of equation may be. considered eater to Claivant's ius y= px + fip), where p = dy/dk. ir in 
ordinary differential equations. 
The coniplete integral.is z = ax + ey + fia, 2), “obtained by putting p = a and q= bin the given equation... 


(c) __ Partial differential equations not containing x and y 
These equations will be of the form fG, PQ=0. 
_ Putu =x + cy, where c is an arbitrary constant and assume that z is a function of bee hes cy) = = 


oz oz du dz. r) 
F(y). Then p= ==>. = : ao aI 
a 
dy oudy du }° dy. | 


The gen equation then becomes, f (? = sc a =0 
which is at: ordinary differential equation of the fi rst order. 


~ Rule to solve the partial differential equation of the ‘type No Ps o- 0. 


Assume u =xtcy; replace P and q by w and c < respectively in the given equation nnd then n sob the 4 


resuling ordinary ia equation: - 
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Example 2. Find the complete integral of 16p>z? +9472? +4(z’ -1) =0 . 
Solution: Given equation is of the form f(p,q,z)=0 


@ 


— *§ 44. 


edraiis ~(16+9c’) 


Let u=x + cy, c being an arbitrary constant. e(L) 
Now, replacing p and q by dz/du and c(dz/du) respectively in the. given equation, we have 


162° (deIduy’ 49072” ‘(del duy’ +402" —l)= 0-oF (16 +9c*)z (2) ~ 4(1- 27) 
re 


5a 20Se 
du z(16 + 9c)!” 
(1/2)x(16+9¢?)"? (1-2?) !*zdz= duc 


2 
ayu2 ( "a =u+b= et. (by (1) 


or (16+ Qc? a z *)=Axt+cy+by is ie One integral, a, b being arbitrary eonsiang 


Equaiton of the type f(x, p) =f£,0, Y 
In this type of equation z is absent and the terms containing p and x can be separated from those 
containing q and y. 
Put f,(%, P) = FV, Y = ©, (Say). 
Then solving for p and q, we get p = F (x) and q = Fy). 
oz 


Since dz = a 5 Y= pee + gdy . 


F (xd +F. “Ody or integrating z = = Fi (x) dx + Be 0) ay ae 


‘which is the complete integral containing t two constants c and c is 


COMPA TIBLE SYSTEMS OF FIRST ORDER EQUA T. IONS. 


- Two first order partial differential equations are said to be compatible, if they have a common solution. 
- The compatibility condition for two partial differential equations f(x,y,z,p,q)=0 (1) and 


- g(xyzpq=0 ...(2) is 9:8) , o(f.g) oth: 8), O(f,8) _ 


xp) ep) Aa)" Aza) 


Pate I. Show that partial differential equations Lee and (p’+q)x=pz are compatible 


Solution: Let f=p oe -1 =0," Ew ’xtq°x-pz=0 - 


— O(F.8) _ 2 Dp 
- : Pp a) aa 
2 O(%, Pp) Pe Dag? -2+2px 2p (0 +9) wi ceas ) 
| oa) |" a ; ras Ss 2 a afig) ge Or 4 2q| > 
_ 0(z, p): a eee A(y,q) lO. 2x 
oo) : 2 a ho 
O(f8) {° | | ve 
PB 24 ae 


: o(z, q) 


43 According to compatibility ¢ condition 


afig), afo2) , hg) , ah) _ 


(x, p) = Rep) 0(y.4) 3,4) - 
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§ 45. 


4.5.1. 


‘ —2p° -2pq’ +2p° +2pq’ =0 


0=0, hence PDEs arecompatible 


CA UCH. Y’S PROBLEM FOR LINEAR PDE 

- OR 
INTEGRAL SURFACE PASSING THROUGH A GIVEN CURVE: We obtained general integral of 
Pp+Qq= -R. We shall now present two methods of using such a general solution for getting the 
integral uae which passes through a given curve. 


Method I: Let. Pp+0q= _ . . ae (1) 


be the given equation. Be its auxiliary equations give the following two independent solutions 


u(x, y,Z)=¢, and V(X, y,Z) =C. ...(2) 


Suppose we wish to obtain the integral wines which passes through the curve whose equation in ae 


parametric form is given by x=x(t), y= y(t), Z=zt) 3) 


‘ where t isa parameter. Then (2) may be expressed as 


ulx(t), y(),2(0) ee, and vix(d), 10,200] = cy. ee ud) 


We eliminate single parameter t from the equation of (4) and get a ‘relation involving c, and c, 
F; ally we e replace c, and G with help of (2) and obtain the required integral surface. - 


Example 1. Find the integral surface of the linear partial differential equation © 


| x(y? +2z)p- yx +z)g= =r" ~y z, which contains the straight line x + y=0, z= qe. 


Solution: Given dy pe? ay Bs As 1S Bates Ly 
: Lagrange’s asta, ae of (1) are OE cea * TOYS 2) 
+2) -yGP $2) GP =y%)z | 
Solving (2), we get XyZ=C, da x+y? -2z= =C, 3) 
taking t as parameter, the given equation of the straight line xt+y=0, z= =] can 1 be put in parameter 
form x=t , y=-t, z=1. : sess) 
Using (4), (3) may be re-written as =e =C, and 20? -2= Crs, : =. AS) 
Eliminating t from the equations of (5), we have® 2(-c,)-2=c, or 2c, tc, +2=0 ...(6) 


putang values ofc, and ee from GB Di in ( 6), ‘the peauired integral surface is ules +y *—2e+2= 0. 


Example 2 Find the equation: of the integral withice of' the differential equation’. 


2 we 3) p+Qx- aq = YOx- pe which passes, through the circle z=0, veya = 27. 


Solution: Given equition is. 2y(2- 3)p-+ (2x -2)q= yO als ie ees Mae 2 


Given circle is x’ +y? =2x, 25 0. ee as, noon € i, QQ) 
i Me dy ae oF 
oe 8 


Lagrange’ S auxiliary equations sfor ( yj a are 


© Qy(¢-3) ez 2 = 
Taking the fi Atand third fraction of 3) (2x- ae oe 3)dz=0. 
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Integrating, x’ -3x-z’ +6z= C, C, being an arbitrary constant. 


Choosing 1/2, y,-1 as multipliers, each fraction of (3) .-(4) 

_ (1/2) dx + ydy — dz _ (1/2) dx + ydy — dz 

~ y(z-3)+ yQx-z)-yQQx-3) 

hence, (I 2jdx+-ydy-dz=0 => dit 2ydy-2dz=0, 

Integrating, x+ y° 7 27=65,6, being an arbitrary constant. me), 
Now, the parametric equations of given circle (2) are x = t, y=(at-¢)"", 2=0. -  ..(6) 
Substituting these values in (4) and (5), we have t? —3t = c, and 3t-t’ =c,. (7) 
Eliminating t from the above equations (7), we have c, +c, = 0 ...(8) 


2 


eras. the values of c, c, from (4) and (5) in (8), the requived integral surface is 
xy? ~2? +2x4+4z2=0. 


4.5.2. Method Il: Let tpOi= Roo ath) 
be the given. equation. Let its Lagrange’ 8 italian Sidi give the following two independent - 
integrals u(x, y,z)=C, and V(x, y,Z)=Cy. éf2) 
Suppose we wish to obtain the integral surface passing through the curve which is determined by the 
following two equations @(x, y,z)=0 and wx, y, zZ=0 ve(3) 
we eliminate x,y,z from four equations of (2) and (3) and obtain a relation between c, and c,. Finally, 
replace c, by u(x, y,Z) and c, by v(x, y, Z) in that relation and obtain the required integral surface. 


Example 3. Find the integral surface of the.partial differential ee 
(&- y)pt(y- ‘X—Z)Q=Z through the circle z=l, x? +, =1. 


° Solution: Given (x= yyp + (y—-x- Dgegearen 8% a ED Sad 8 
BAStgnges S auxiliary equations Jor (I) are ae = ee = de _ (2) 
X-y yrx-Zz Zz te :% 
+dy+ 
Choosing L dL; as TNL each fraction on(2).= ae 
ndx+ dy+dz= 0 | 
- integrating; x+-y + CEG Pe: | a: ...(3) 
ae as pepe test Lacs Ua hi dy. a 2dy _2dz _ a. 
faleng the last two jacnons of @) and using &. We pel ee Op ee 


. PG ae A Neer Ae 
Integrating. log yc) 2logz= ‘loge; or (Qy- a)! Fey or a 
(2y—x-y- -2lz = or - - [from (3) | ets os ; 
Gax= ZI z =. . . _ , | ...(4) 


The given citrve is z=1 and. x? +y? =1 a ee ; wa(3)~ 

Putting z= =] in (3) and (4), we get x ay Cr -] anaes Pe aa ooo (6 
(But Ax? +y?)=(at+y)? H(y-x): a (7) 
__ Using (5) and (6),(7) becomes : 


DEFERENTIAL EQUATIONS CHAPTER -A 


2=(c, -1)? +(c, +)’ orc? +¢3 -2c,+2c, =0 ...(8) 
Putting the values of c, and c, from:(3) and (4) in (8), required integral surface is 

(xt ytz) +(y-x-2)'/2'~Axt ytz)+2y—-x-z/2’ =0 

u(xtyt2 t(y-x—-z)- 224 (xt yt Dt22(y-x-z)=0 


Example 4. Let u(x,y) be the solution of Cauchy ’s problem xu, +u : =] 
u(x,0) =2logx,x>1 then u(e,l) =? 


(a) -1 (b) 0 a ee 4 4s we 
| ; Solution: dx _ dy _ du - ae ae 
, x 1 1 


log x =y + loge, 
v, =xe” =c, ae J 


Also, y-u=C, 


=y-u=C, 
Vo = Ov) 
y-u=9(xe~”) 


use u(x,0) =2log x 
0-—2log x =¢(x) > -2logx= O(x) 
Solution is y-u=-2. loeise yy 
Put x = =e, y=l : 
1- ule, Ns Plnetee') > ae ae " | 2log() => u(el)=1 = option (c) is correct 


_ § 4.6. CHARPIT’S METHOD 
"+... This method is used for finding the complete integral of a non-linear partial di sfferential equation. 
Consider the ar St, ¥2pPQM=0. ae . 
| Since z depends on x and y, we have dz = xe + 50 pdx + Gage ou 
Ifwe can find another relation involving x. p, q such as 8 9,2, p= 0 (i 
- then we.can solve ‘equations (i) and’ (iii) for p and q and substitute in equation (i). This will give the 
~. solution provided (ii) is integrable. . 


eee dis determined by oe equation (i (i ; and. equiation (iii) watt x and y and ‘solving we get : 


ro [Ree3 at) 3 ao \ ag, +( Om tis af ag, (_ at ag _ 
: reals p= —|—=0 
bax Paz lay er aq ap ‘agioz \ apjax | dq}ay. 
0 ata, (at) ao, (ar at) a6 | (Bee : x) (A, a) 86 _ 
~p—-q— —|— +|/—+q— |= 
or(- aim ¢ ee fa Pop oes Pa op = \ oy: ee oq . 
% “This is Lagrange’ 's linear equation with 4% Y, Zp, q as independent variables and r as the dependent | 
7: variable. lis a will aepene Ot on nthe solution of the chased equations. 
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dx _ dy dz dp dq 


a ae a a ee ed 
dp aq ane oq je ae rr oz 


An. integral of these equations involving p or q or both, can be taken as the required relation (iii), which 
along with (i) will give the values of p and q to make (ii) integrable. 


Example I. Finda 1 complete integral of px + qy = pq | 
Solution: Here given equation is f (x,y,z, p,q) = px + qy - Pg= 0 (QD) 
Charpit' Ss ae equations are 


dz ie dx £ dy 
rere plof /dz) by Tasle Tay TRE = — p(of /dp)-g(of/oq). -af lop .- of /dq 
or —2t__ dy Pree. _ P _ @ ..(2) 
—(-g) —(y- Pp) ~P-@)~-qiy-p). ptpO q+qg0 

-Taking the last two fractions of (2), (I/p) dp = (1/q) dq: 

Integrating, log p=log qt+log a or p=aq | .-(3) 
- Substituting this value of p in 7) we have aqx + qy - aq’ =0 
oem ax +y,asq #0 (4) 


. From (3) and (4), q = (ax + y)la ae axt+y 
Putting these values of p and q in dz = pdx+ qdy, we get dz = (ax + y)dx + [(ax +y Vialay 
adz'= (ax + y)(adx + dy) or adz = (ax + y)d(ax + y)=udu, where u=axty 
Integrating, az= (1/2)? +b =(1/2Yax+ yy +b, 


which is a complete integral, a and b being arbitrary constants. 
4.6.1. Standard forms of Charpit’s Method 


Type 1: Equations containing p,q in this case, differential equation is given by f(p,q)=0 ~ edi + 


; y 

Hees =0, f, =0, aD aE ea als acct Opi oa Ge 
) i,t, Phra, ~Ofth) ~@f+f) 

Pe ay © a ae ee, ee 


f, tf, of,+o%, 9 0 
Putting this value of p in (1), we get:f (c,q) = 0 which gives q = Q (c,) 
.. Now, equation dz = pdx + -qdy gives = c,dx + 0 (c,)dy- 
"On integrating both sides, we get z= c,x + Qc)y om = 
which is the solution of differential ca iat 


siiaatole 2. Find the Complete integral oP Pp ‘gf = on . 
Solution: fog =p t¢-n =0- bea 7 baal) 4 


Auxilliary equations ares 
de_dy de dp dg ae dy ee 2d dp ess 0 
fy fy. Phy +H “(+f “Gh+F,) ee 2q ne oe 0 Oe 


‘On integrating, we get D=a_ ees : cere gina Re Ret (2) 
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Using (2) in (I), we get’ +@ =n >Q@=an-a >q=Vn'-a? 
-. The equation pdx +qdy = dz reduces to adx+ Vn’ —a’ ce dz 


= dz=adx+ Vn’ -a’ dy 


Integrating both sides, we get z= ax+ (ln? -aq? ytC | 
which is the required solution of the given differential equation. 


Type IL. Equations Involving Pp qandz 
dn this case, differential equations are of the form f (; D.q,Z z)=0 re 9) 


. Here f,=0 and f, =0 
Charpit’ 's Auxilliary equations are 


a di & _ ee oe 
St, Beta, —(he th) -(f.+F,) 
_, _dy_ a dq ; 
a? Te pf, tof, ~ Pf, - a, | (2) 


Taking last two fraction of (2) gives —— dp _44 | 
| 


On integrating: we get log. p = log q+loga 


=» Peg a wig) 
q 
Using (2) in (1), we can obtain p, q in terms of z and then using equation p dx + qdy = dz © 


We io the he kas solution are the given pecs 


Example 3. F ind the complete ieee of zpq= p+ q 


. Solution: Here. f(p, q, Zz 2)= Wqa-Pp-q .- area fo} | 
oe ee 
eh JO da Dg 
a -L perl. paz> p+.pqe-q. = (P-Pq) —(-P9) 
Pe Meee ee a 
-(p.pq) 4-99. - PG - PQ? PG a ee 
tas Ge integrating, we get logp= a = p= a et eee oe 
Using 2), (1) becomes zaq’ ~ag- -q= 0 -—: aqz- a- As ioesge a 
az 
cel 
pas 
. &£ 
ie ee +1 atl 
. .. Equation p dxtqdy = dz ieee to. BNP et 4+—— dy =dz. 


‘rn ae 
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+1 
> enes(= ; Oty a a 


5 
On integrating, we get (a +1)x (2 i "| y= at c. 
A 


Type IL. Separable Equations 


A partial differential equation is said to be separable if it can be written in the form f (x, i= aly, q) 
Auxillary equation becomes. 


ae dy ae dp dq &_ dp dk 


ie cet +o, + af, ~ =(p.0+f,) SGOT) etee ay dp sf, 
which may be solved to give solution of} p in terms of X, we use this solution to get values ofp and qin 


terms of x and y and then using equation - pa +q dy = dz, we get the required solution of the given 
equation. a . 


Example 4. Find the complete integral of p’ y (1 +x° } = qx 


l+x 
Solution: Given equation can be written as P| 5 
- x 


4 
bg 
= pret |-4 Which is the form fla, p)= gly.q) 


ay equation t ae ee ye ad _ Ss. Sars 
. ; Jp : Pf +f, —(pf, +f.) -(@f,+f,). ; ~ ; = : 
Bde => a = es 5 . 
We ot i 2 -2 . l+x 
| ae SP 
ae ae 


dp ie  xdp dx 


=> = > oe _. dx -[t -{(- isle 
2p? 2P O42 ) ip Lea a) (re } x 14x? 
x 


On integrating, we get log p=logx- sles (1+ x’) +loge 


| => 2log p =2log x—log(+ x) 42loge = log p’ =i ad ; 


2,2 


& (1) Peon ; y (1 + x )= gx? =>q =a 


, Equation pdx+ qdy= dz ‘reduces to 


dite hs = dz 


Tee 


DIFFERENTIAL EQUATIONS | CHAPTER - 4 


2 
On integrating, we get Sea 5 =zte,=>7+e=cll+x7)} > +—2 


2 . 


Type-IV: Clairaut equation: 
A first order partial differential noes is said to be of Clairaut form if it can oO) written in the form 
-2=pxtaytfipy . (D) 

Let F(x, y, Z, P, @) = pxtay + f(p.q)—z : 
dp dq dz a wy 
0 


Charpit ’s auxiliary equation are 


OF | OF OF OF OF OF oF oF 
VrPy QVray ~“PRO-4ay TT OTS 
| i a i a a a 
or ap idg _ UD 
0° 0. ~px-gy=pl@f /op)—qlaf ag) —x-(f/ap) —y~(Of /dq) 
then, first and second fractions 
=>.dp =0 and dp =0=> p=a-andq=b. 
Substituting these values in (1), the complete integral is z = ax + by + f(a, b) 
Example 5. Solve z = pxtaytpq | 
Solution: Since, the given p.d.e. is z=px+qytpg, which is the in Clairaut’s form. 
The complete integral is z= ax+ by + ab (1) 
Singular integral: Differentiating (1) partially w.r.t a and b.,0=x+b and O=yta . (2) 


Eliminating a and b between (1) and (2), wé get z=—-xy- xyt xy i.e. z = - xy, which is the required 
_singular solution, which satisfi ies the given equation 


General integral: Take b = g(a), where @ denotes an Glan function. Then (1) becomes | 
z=ax+@(a)y+ag(a) , _ , Pog 3) 
Differentiating (3) partially w.r.t. a we have 0 = x + ¢'(a)y + (a)+a¢'(a) (4). 
the.general integral is obtained by eliminating a between (3) and (4). 


., Example 6. Find singular solution of .z = px+qy-2y (pq) 


- Solution: The complete: integral is 2 = ax + by- —2.,/(ab) ey ee 
For Singular Integral, Differentiating (1) partially. w.r.ta and by: we have | 
5 “alab) fi a: oe |, ae eas 


on a = We is xy=1 


| Example 7. Find complete-and singular integrals of 2xz 2px - 2qxy + pg =0. 
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Solution: Here given equation is f (X, Ys Zs Ds q) = 2xz- px —2qxy+ pq =0, (0) 
Charpit’s auxiliary equations are . 
cee ee. Cee: dx _ dy 
C) of a of a of of. a 
ox oz ody a Op aq dp 0q . 
ae . 
or 4 ag | Mg = == ____ py 
2z-2gy 0 x?-q 2xy-p px’ +2xyq-2pq’ 
The second fraction. gives dq=0 so that ee 
Putting q=a in (1), we get p = 2x(z-ay)(x’-a) 
Putting values of p and q.in dz = p dx+q dy, we get 
_ 2x(z-ay) , ope dz~ady._ 2xdx 


x"-a Or e=ay yg 


Integrating, log(z—ay)=log(x” —a)+logb or z-ay= b(x? —a) orzZ= ay+b(x? =G); “an(2) 
which is the complete integral, a and b being arbitrary constants. . | 
Differentiating (2) partially v with respect to aand b, we get 0=y-b and 0=x’-a _ iste) 
Solving (3) for a and b, a=x° and b=y en C3) 
Substituting the values of a and b given by (4) in (2), . . 

we get z=x’y, which is the required singular integral. 


“(CSIRUGC NET IUNE-201)) 


(CSIR UGC NETJUNE-201)).° | 


~@) a 1 family of f straight li lines’ as characteris, an ue 
- (©) solution. which vanishes at (2, 1 y 


Miley fel + 20) 
. Ou tu. c ». =f), ayy) 


§ 47 


@ 


7 


DIFFERENTIAL EQUATIONS CHAPTER -4 


“Ay a= = a+ Qy — sin aq - ae Te “B) z= ai + by =. 
(Oz = aX = by Sana = , a Oz bx + 


. ae 19) and 0) are. ‘erbitray fictions then the. egeierd solu 


mplete itera for the PDE’ Ze Spt QD sin Pq ‘is 5 not 


: Bede is given, by 
oy 


HOMOGENEOUS LINEAR EQUA TIONS WITH CONSTANT COEFFICIENTS 
: : az a°z a"z 

An equation of the form +k, +k, —=F(x, ene) 
q of fe ax? Bx a "ay" (x, y) (i) 


in which k,’s are constants, is called a homogeneous linear partial di differential equation of the nth order 
with constant coefficients. It is called homogeneous because all terms contain derivatives of the same 
order. This can be written as, 6 (D, D Je = = F(x, y) Its solution consists of two parts 


- the Complementary Function (C.F.) which is the complete solution of the sudion (D, Dz =0. It must 


contain n arbitrary functions where n is the order of the differential equation. 


the Particular Integral (P.1) which is a particular solution (free from arbitrary constants) of 


9(D, Diz = F(x, y). The complete solution of above differential equation is z = C.F. + P.I. 


Rules to write Complementary Function 


Consider the equation Tze ez +k, — a : =) re a nee |) one 
: which in symbolic form is +k,DD'+k,D")z= 0: - he as 7 a oy fs 


@ 


- Form the (A. E.) m +k, m+ k, =0, ipa D> m oe D'= Fin (ii). Solve the (A. E) J and fi its roots. 


i 


the roots of A.E. are different say m, and m, then z= A(ytm,x)+,(y+m;x) is the C.F. : 


(b) the roots of the A.E. are equal each equal to say, m, then z = 9, (y + m,x) + xb, (y + mx) is the CF. In 
~ general if the A.E has r roots equal, then z = ,(y+mx) +xo,(y+mx) +... + x , (y + mx) 


Example 1. Solve (p* =e 2pp —p i =0 


Solution: The snenate syilation of the. given equation is m* -~2m? + 2m- 1=0 
or (m+ 1) (m- -1)’ = 0 so that m =-1,1,1,1. 
' Here, the general solution of the given equation is 


Z=G(y-x) +O, (y+ x) +x6,(y+x)+x°G,(y+x) where $,,9,,9, and g, are arbitrary functions. 


Rules To Obtain Particular Integral 
fi) —° when F(x, y) 7 ie . ; 
wd 1. & hye | “ax + by 
PL =——e"*"=—___¢ (ie. ut D = jmdDe b) provided O(a,b) # 0. 
Oe aD ay fle yprowsed Na?) 


Oab= 0, we have the case of failure, in hate case 


PL Bos me or y. 4 goth ; 
aD oD’ » 
(ii) When F(x, y) =sin (ax + by) 
1 1 : 
PI. “O00 in ie + by) eta) (ax + by) 


(ive. put D? =a’, DD'=~ab, D” =-b’), provided  (-a’, ab, -b’) # 0. 
| if oa’, ~ab, -b’) = 0, then it is a case of ‘failure ‘and we can repeat the es of (i i). 
A Ss rule holds when F ey) Bl 
een 2. Solve (D? - 3D’ + 42D" = cos(x+2 29) 
Solution: Its auxiliary equation is ies by m? -3m+2=0 
«Its. CF is y = 6, (y+ x)+¢,(y + 2x) 


Ppa 2 es a ye aa 
| @*=3D0+20") ae ae ie 


@ 


1 
rs é ‘ 
{D? =-a?, DD’ =—ab,D”? =—b’} © 


cos(x+ 2y) = = iaaak: 2) 


7 Beir is 2=9, (yx) +¢, i429 besece2y 


: (iii) . When F(x, y= =x" ys where p, q are positive aah fala ar 
Pla aaar Re byy' yy 
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Ifp <q, expand [9 (D, D')J" in powers of = 
Ifq <p expand [9 (D, DJ" in powers of > 
Also, we have a Fey) = [Fooy)ax and “Fx, y)= [Fosy) dy : 


yconstant - xconstant 


ee 3. Solve (D° =). )z=x*y° 


Solution: Its auxiliary equation is m- -[= 0 
sts CF is $,(y+x) +9, (yt aux) + 9,(y +o x), Os92595 being arbitrary Junctions, where @and @& 
are complex cube roots of unity. - 


1 1 po pey 
Now, Pi=——x 3 3-2 piece | ees 3,3 
“(wp)”  pa-wipy” “pw a) 7? 


-Z(ersdor | fey 6) 
= (1/120)x° y? +(1/ 10080 )x?. 
Hence, the required general solution is z=C.F+P.I 


eng O tas eO Tm AO se) + rianysty + an0080)s" | ib ee 


_(iv) if “fx, y) =e**” Vix, y), where V(x, y) is a function of x and y. 


1. +by + 1 
f 2 ge st a 
0(D,D') © ((D+a, D's) © 


(v)  Ashort method when f(x, y) is a function of ax + by, 
We may apply a shorter method to Jind the particular integral. 


Working rule. To get the particular integral of an equation F(D, D ) a = $(ax a ae where F(D, D nis is a 


homogeneous function of D, D' of degree n. 
Put ax + by = t; then integrate o(t), n times with fees to t. Put a for D in b for D'in F FO, D ? we get 


- F(a, b). Thus P. L= ba 5) X nth integral of (1 ) with respect to t, where t = ax + by. 


In case of site 


(ax rby)= = 7 (ax +by) 


aie 
(bD ~aD')" 


Example 4. Solve (D? -2D? D’ Db" #2D?= err. 
Solution: Its aicxiliary equation is. m > 2m’? <mt2= =O. 


ee Os ts -2)= 0. | | a a Bia PRD & Saree 
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(i) 


2 Resolve—-— into partial Jractions: 


§ 4.8. 


(mm -1)(m-2)=0 > m=1-1,2 


CF is 6(y +2x)+6(y +x) + @(y-%) 
1 Xt+y- 1 ety 1 1 x+y 


—————————— = Se Pee eee 
(D-2D'D'-DD* +20") (D=D'\(D* - DD’ “wy D-D 1-1-2" 
=X 


aa ee 
=— e” (Put xty=v) =—~e*” =— 
ppp oy. a 


of 
et? 


Hence, solution is z= ,(y + 2x)+@,(y+x)+@(y— x) one 


When F(x, y) Bs function 


Then P.I. = #0 wont y) 


¥6. D) 


: sic (D,D ) as a function of D. alone 
PL=— = Fly) = fF F(x,c —mx) dc . 


where cis ‘3 abe replaced by ytmx after integration. 


NON-HOMOGENEOUS LINEAR PDE 
A lineqr PDE which is not homogeneous i.e., all the detatiies are not of the same order, is peated a 
non-homogenous linear partial differential equation. 


F(D, D)z = = f(x, y), where F(D, D') is non-homogeneous in D ‘a D' i 
F(D, D') is not always résolvable into'linear factors as in homogeneous linear equations: Thereforewe . . “4 


classify linear differential operators F(D, D') into two following iypes.. 


~- (i) F(D, D') cannot be resolved into linear factors Jor example D’ =, 


(ii) F(D, D) can be ora as ae a linear factors of the form (aD+BD isp where a, B and Y 


are constants. 


_ Method of finding. C.F. of non-homogeneous liner PDEs 


Consider F(D, D') = fx, y) 
When F(D, D ) cannot be factorized into linear factors: ~ 


In such cases, we apply-trial method. 


He S Consider the equation (D-~D*)z=0. °° ta os i a eer 
: Let a trial solution of (i) be z = Ae** a ae nee «Sam 


-where, A, h-and k are constants. ~ . 


32 


- . from (HW), Des Bs hae” and . D*. =Sts Aen Te “- 
By? % 
puttin these. in i), we get (h— KR Ae *® = 0 or, hoko a ae ili) 
g | 


og ins the value eoph hin noe a ‘solution (which also GC F. ) of (i isz= = Ae! REPS Sn yy 


= 
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Since all values of k satisfy the given equation (i), a more general solution (which is also C.F) is taken as 


z=) Ae ety ; ...(V) 


where A and k are arbitrary constants. 


Example 1. Solve (2D‘ -3D’? D’ +D?)z= “0 
SOB On: The given equation can be written as eD’ -D') ( -D')z= (1): 
Consider (2D” - D')z = (2) 


Let z = Ae” bea oe solution of (1). T. oe we have D? z= Ane +h ond D’ z = Ake™™®. 
Putting these values in (2), we get A(2h’ “hye? =0, so that 2h’-k=0 or k=2h’ 


. Hence, the most at solution of (2) is z = vag oe 8 LB) 
Next, consider (D’ -D \z=0 : ..(4) 
Let z = = Aly be a trial solution of (1). Then, we have D'z= A‘h’ eh 9 and D’z = A’k’et ty 
putting these values in (4), we get A’(h’- k’) e*** =0 so that h’ - k’ =0 or W=K 
~ Hence, the most general solution of (3) is z=. S Ae . (5) 


Fh (3) and (5) the most general solution of (1) is >3 Ae" ve 2 Aer 
A, Ah, h’, k, k being arbitrary constants. 


Example 2. Solve we 0" oF ant 
ax? dy - Sere 
‘Solution: The given equation can be written as 3 (DP 1s D” —n 2 z=0 | oo. Behe 


Let a trial solution of (1) be z=Ae® a oe saree ye ORD 
+. D'z=Aive™® and D”=AK e*® . San TB ge 

. Hence, (1) gives AGE +E 1) € grr |. ; . 
or h+h =n’ os a po a.) 

Taking O as parameter, we see that (2) is : satisfi ed if h = ncosa and k= nsind pening these values in 
(2), the required general solution is Z = >; Aer sna 


where A and a being arbitrary constants. 


| . - © €ase I. When F(D,D}) can be expressed .as product of linear factors: 


- Let (wD + BD' + 'y) be a linear factor of a D ). To Fin nd CF. comresponing to this is ftw we consider a : 
'.. the most simple. non- -homogeneous equation. 2 


- (aD +BD'+yz= Oor ap + Bg =~” Bae ee eee ae Hise ye 
which is of Lagrange’s form er EY oe Se rea re Sar, 
Fagen ie fe Wome gut A CL we. oe wate o 
| From first and second ratios of (i) | 
ady-Bdx=0 


-* Integrating; oy-Bx= Co Gee ME Feat ee (Ul) 
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Again from first and third ratios of (ii), we oa aes dx 
z a 

Integrating, log z = as te losC, 

oi ate esi 44 
2=C,0* ,2=€% gC), z=8* o(ay-Bx) {from (iii)} 
Thus, the part of C.F. corresponding to linear Jager , = 
aD + BD'+ Vis et (ay — Bx) — ... (iv) 
where 6 is an arbitrary function. 
Similarly it can be shown that if F(D, D') has noncrepenied linear factors of the type. 


F(D; D') = (0,D +B,D'+ y) a +) .. - (0D + B,D' + ¥, 

xh, : mY, mtn 
then C.F. of equation F(D, Diz =F(s, y)= em G(0y - Byte” , (hy - Pa +e” bay - 
Bx) om / 


Also, Ronson to a repeated ore . 
 (WD+ BD'+y\, the part of CF is ¢* * [oar Br) (0y-Bx). ae ‘ea’ ba 


Remark: 


fe Corresponding to sichin non repeated factor (D - mD' —‘y) the part of. C. F ise ‘by cs ‘iy 


z If the ree (D —mD'—'V) repeats k times then the part of C.F. eens to it is 
e [oy tma) tx fytia) +. +2" Oly + ma] | 


Suc if a factor (BD! +.) occurs only once then C. E- corresponding to it is e oe (Bx). Incase: apiiyiepeins 
ati, 


k times the part of CF. is e 6 ” [o (BY + x0,(Bx) +, - flo, (Bx) 


Method of, ot ag of. as ili linear partial ME equation : ae D Jz = f% yo 


PI= fi, y) 
a D') 

Case I. When F(x, y) = &*" and F(a, b) #0 
| ; al eo ore. ‘ axt+b 
PL =. é Ye oy a y 

: ADDY ~ Fab)” 


ae " Bxample’3 wie (oY pe +D- D')z= ney 
pialgnon: The given equation can be re-written as: (D- D )(D + D’ a 1) zZ=e 
a) F= =O6(yt+ x)te* d, (y- x), where o, i 6, being arbitrary functions. 


aes ‘ 


| And PLis aa Ses _ i L msiy Ss d oH) : 
_O- DyD+D’ + @- 324341 cor 
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Hee the required la solution is z=C.F.+P.L, ie, Z=O(y+x)+e"9,(y—-x)- ae 


Case II. When fo i sin n (axby) [or cos(ax+by)] 


ee ay, 
. eo F(D?,DD',D"? ,D,D') - ey) 
which can be evaluated further. 


Sa ai Sit (ax + by) = 


Example 4. Solve (D-D’-1)(D-D’-2)z= sin(2x+3y) ; 
Solution: Here C.F=e “fi (y+x)+ ca x y+x), where ¢, fh being arbitrary functions and 
(pa —D’-1)(D-D’—2) 
1 7 / 
Sane a 7 
'  D? ~2DD’+ D” ~3D+3D'+2 


sin(2x+ 3y) 


anya) 
2? +2x(2x3)—3 ~3D+3D'+2 


see (2x+3y)= a rs (2x+ 39) 


~=3D+3D' + —3D’ +3DD'+D 
_ 


ae, 
oe 3x(2x3)+D 


7 —® 


a DD+ 9 “36 sin(2x+3y) 


i -4-, 
sin(2x+3y) =D 2x+3y): 
( y) a x+3y) 


=(D? + 6D)- sina 2 y) 


= (li 40)x a +3 y) +6D sin(2x +3y)] 
=-(1/40) x[4sin(2x+ 3y) +12cos(2x +3 sy) . 


i ee sshillonasg ae dot Dee +)CNO (Qr+3y)- Seoss4 3) 


o 


Case IIL. When a “¥¥. mand n being positive integers, PL= Sane oS = [FID D IT : wy 


F: Foy 
Pape Solve: ro ~842q— z= “yh oe | ae 
. . Solution: t/a) Fe Ar af= ee en 
or (DP - ‘DD'+2D'-)z=xyor ' eg ate: ee 
- Since (D’ - DD’ +2D'- 1) cannot be resolved into linear factors in D and Bs hence CF. of (1) is 
‘obtained by considering the equation (op ~ DD +2D'—De= ao Re - (2) | 
Leta trial solution of (2) be z= Ae ae [oes SAS FP gee 
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D*z = Al’e*”, DD'z = Ahke“*” , D'z = Ake” then (2) gives 


AG hk+2k—Ne™*” =0 or h? —hk+2k-1=0 so that k =(1-h?)(2-h) (4) 
“. from (3), CF.= ¥ Ae**” where A,h,k are arbitrary constants and h and k are related by (4). now, 
‘1 1 
PI= —_—___—____—__ ’y? xy? 


D?—DD’+2D’-1. > ~ 1-(D?-DD’+2D) 


=-[1-(D’- D D'+2D9'x"y* 
=~[1+(D?- DD’ owe DD’ +2D’)* +{D? + D’(2-D)}' +...Jx°y’ 
=—[1+(D? - DD’ +2D’)+(D°D” + 4D°D’ —-4DD” +...) +3D°D® (2- Drelee 
=-(1+(D’? - DD’ +2D)+(D?D? +4D°D'- 4DD* +12D'D" +... xy 
=—x’y?-2y? +4xy —4x’y-8x° -16x-16y—52 

ah Hence, the required general solution i is z=C.F.+P.L. 
z=) Ae” =x?y?—2y? ee) ~8x’—-16x-16y—52. 


Case IV. When f(x, y) = sayenty whee Visa Fincon of x and y, then 


P.I= at} (Ve arty) = tty SBT V, which c can be evaluated further. 


Example 6. Solve (D — 3D'-2)’ z= aaa) 


‘Solution: Hence, CF.= e*[9,(y+3x) + x9, (y+3x)] . . 
and” py = ey 2x40) tan( y + 3x) = 2 TO +3x) 
. eax —3D’- - 2)" A@ +2)- 3(D’ +0)-2} 


i. ie 
=e" wren +3x)= 2 2 Ee carn 3x) = ** tan(y + 3x) 


2 2x 


z= er Sc aie *tan(y+3x) 


Remark If, ft y= Leth and Fa, Be 0 then we Shine P.L= oa a ee 


oe ee which can 1 be evaluated farther. 
FO Te +b) 


DIFFERENTIAL EQUATIONS 


DIFFERENTIAL EQUATIONS 


ear factor of FO, 
Ly —~ Bx) where is an 


SOL VED OQUESTI IONS FROM PREVIOUS PAPERS | 


1, The integral surface of the partial differential equation ite yon = =() satisfying the condition 
y 
ully)=y, isgivenby (GATE-2005) 
ia als,y)=2 (8) uly) 


(0) ux, rane = (D) u(x, y)= ytx-] 
. Solution: The given differential equlition is xp't+ yq = 0 and u(1, y) =y 
in option (D),p=landq=1_ | 
xp) tyquxty#O- 
Option (D) is not correct . 
--in option: C),. a pee 
Pee Cage es. 
x. & ie. 
oxy fees Ss A a Y 20 
rd “(QQ=x) (2 oe Gx) 
4 Option (0). isnotcorrect.- 9 


xp t a 


© nop tion (B ul = —> p=— + Q= 
2 P (B), u(x, y a Pe Gry q i. 
p+ yq= 0: a a 
vray 2 2 _22y #29429 44 
(%4+1%. (xt) - . (x4) 


-Option (B) is also incorrect. . 
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in option (A), u(x, y) =t5 Pp =—+ and q=- 
x 
xp+yq= -y += a =0 
; a 3 
Clearly, it satisfies the pde 
=> Option (A) is correct. 


2, The complete Sibel of the part differential equation xpq ze yp q + @ +q)~z p g =0, isnot © 


ay 
_ (A) ax + by + (ab? + ba") (B) ax—by + (ab’- ba’) 
_. (C) -ax + by + (ba” ce a (D) ax + by-a(b" + ba”): 
Solution: The given PDE is xp’ q + yp" gt t+ 7)- pq =0>2z=xp 194 + pq? + gp” 
The general solution by Clairaut’s form is z =ax + by tab’ + ba’ ....(1) 
replace b by -b ute 
z =ax—by + ab” — ba” ; ea) 
replaceaby-a 
z=-ax+by—ab’+ba” o Z, 3) 


By (1), (2) and (3) 

_ Option (A), (B) and (C) are complete integrals 
Clearly option (D) is not of above forms 
So, answer is option (D). 


3. Solve (0°z/ax”)—(0°z/ dy’) +(dz/ dx) +3(0z/dy)-2z=e"" —x’y 
. Solution: The given equation can be re-written as (D’—D” +D+3D _2)z =e -x° y 

or{(D-D’)(D+ D’))+2D+D’)-(D-D’ +2)}z=e"? —x’y 

or {(D+ D’)(D~ D’ +2)}-(D-D’ +2)z =e — xy 

oe D’+2)(D+D’-1l)z=e* - x’ y 
1 CF =e"O(y Fate ¢,(y—-x),6,,4, being arbitrary itan 
. 4 
~ (D-D'+2(D+D'-1- 


P.I. corresponding to e*” x-y 


x~y 


pee ee =e and P.I.. corresponding to (-x? y) 


es cy ctl PP! ree 
| ~ (D-DeDD+ D-H re y=: ee 7. iv (Ded) (xy). 


HPs al (27) ject | 


.2 2 


Af, D ,D' Dt: DD’ 3D*D! ro} | 
Sl Se (x? y) 
ae ee aa ail ala | 

=(U/2)[1+(/2)D+G/2)D43/4)D* +(3/2)DD'4(21/8)D" D's. lee x 
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= (1/2)[x? y+ xy+ (3/2)x + (3/2)y+3x+21/4] 
Hence, the required general solution is [z=C.F:+P.L,] ie. z=€"G(yt+x)+e* 0,(y—-%). 
+(1/4)e*” +(1/2)x? y + (1/2)xy + (3/4)x? +(3/4)y+(3/2)x+(21/8) 


4. The partial differential equation of the family of surfaces z = (x + y) + A (xy), is (GATE-1998) 


(A) xp—yq = 0 —(B)xp-yq=x-y = (Cxptyq=xty (D)xpt+yq=0 
- Solution: The given solution isz=xtyt A(xy) 
Let A(xy) = xy. 


- Then, the solution is. z = x + ytxy 
p=I1+yandq=1+x 
In option (A), xp — yq =x+xy-y-xy =x-yFO . 
=> option (A) is incorrect 
In option (C), xp tyq=xty 
x(lt+y)+y(lt+x)=xt+y 
xtxytyty#xty 
=> Option (C) is incorrect. 

In option (D), xp + yq 

X(1t+y) t+ yl +x #0 

=> options (A), (C) and (D) are incorrect 


=> option (B) is correct answer. 


3 de Ae 

5. The general solution of PDE a + a =u passing through the curve,x =t, y = 2t,u= lis 
(A) oy / (B) e ary (C) a (D) eg 

Trick: Put value of x and y in given option, then either option (B) is correct or option: (D). But option - 

_(D) do not satisfy given p.d.e: 


*. Option (B).is correct. 


poluton: ce o du 


U. 
dx—dy=0_ Sx-y= CY, 
po oes - => +loge, log : sSxdlog et = ne*H=0,=4, 
= hoy > ue *gG~ yy tay . - i a A oe ae 


ene initial condition, i.e., x=t, u=1, y=2t, we have 
Me eee = o(- 2 Pee e = glaze" 
“(D) => ue: ao =>u=e™ 
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ASSIGNMENT 4.1 
NOTE: CHOOSE THE BEST OPTION 
1. The complete solution of z=pxt+qvipt+q is” 
(A)z= ax + by +a" +h _(B) z =.ax + by 
(C)z=ax¥ +27 4+by (D)z=ax’+ by +1 


‘2. The relation z = (x + a) (y + b) represent the partial differential equation 
(Aen * an (B)z=pq 
(C)z=p-q ‘ ~ (D) none of these 


ea ) 
3. Solution of BAS +4z= ee given z(x,0)= 4e* is 
dx he es 


. (A) C= 4e>**! ; ‘ : (B) z= 3e4t! 
(C) Z = et : 2 . (D) Z= 4e3**" . 
a4z a*z . 
4. The general solution of the given partial differential equation 4 ae ¥y ag US 
(A) fy + x) +f -) + fy + 2) * Id ) Bfv+ytfhy-v 
(© fi + ix) + fy — ix) aa (D) ane of these . _. 
. 5. The general solution of the partial differentia equation on 22 5—— ane +2-— v2 = 0. is | 
ax? axdy, gy? 
(A)z= 02-2) Baz Wynd) 
(C) 2 = o(2y- a 2x) z= 90 - ytWO tx) 
3 
ay IE anz 4 4. az. 0 has the general solution 
 ax® ax2ay axay? ts 
(A)z= oy) +h +2 t+fy-2) 6): Z= 0) + 2h,(y + 2%) Bes | 
(C)z=%(y) nae are 9 fea om + ss - ..(D) none meee ee 
7. The general solution oF a2 522 are. +4 oe = sin in (ts + yp is” 
ey by? 
(A)z= 1 cos (dx +9) so (ye: “9 +) +1044). an 
Oz Lpegetese ty Dt “f0+9 +f +4910 s+ — 


tt 
boned 
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8. The solution ofthe equation =F + 25 eae Z)+2=0 ; 


axdy ay? ox dy 
(A) z = 2e“ f(y + x) (B) z = e'f,ly —x) + xe“ fy -x) - 
(CO z=f,(y —x) + xhy-x9 (D) none of these 
9. The solution of (2D + D'- 1)(D + 2D'-2)z=0 is 
(A)z =? 0 (x-2y) +e*0 (2x-y) ; (B)z =e (x - 2y) + &O (2x -y) 


(C)z =e (2x-y) + e”* (x - 2y) (D) none of these 


10. The solution of (> -4D'D +4DD ‘le =0, is os pe 7. 
(A) 2=G(x)+(y+2x)+a(y+2x) —— B) c= Gly) +a ly+2x)+6(y'+2x) 
(C) 2=G(x)+G(y+2x)+.28(y+2x)_ (D) z=ay)+h(y+2x)+2A(y+2x) 


. The solution of (D’p'- 4D°D'*+ 4DD" x =0, is . 
(A) z= 9,(x)+ Oy(y)+ ly + 2x)+ x9,(y - 2x) 
(B) z= aly )+ (x )+ Aly +2x) + x¢,(y+2x) 
(CF z= a(x )+@,(y )+,(y -2x)+ x9, (y-2x) 
(D) 2=9,(y)+(x)+9,(y—2x)+ x9,(y +22) 


12. The general integral of yzp + zxq = xy, is 


Afatyyt2=0 0. (B) 2 +y°,x° +2") =0 
(C) f0? -y, x’-2')=0 (D) none of these 


13. The relation 2z = =. te vn represents the partial differential equation 
a 


Az=ptq 22 =P-q | (Omz= =p tq /(D) 22 = xplyq 
14, The partial differential equation formed by eliminating arbitrary eo from the equation 

Zz = fix’ y’), is 

(A) xp ae Om +yp=0 Ov=p Oe ait 
Is, | Slaton of DD(D- a0 gy ee |, Be ee 

(A) c= ly) +a )+e*9(y+2x) SB) z= gly) 46) te>A(y-2x) 


("z= Al J+A +e" @(y4+2x). thee 7 (D) None of these. es 


| aks solution cf (=) 5 (e) = < is 


 Ae=efe-y) B=) | 
ame fy) oe Dae 
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I 


fs The general integral of y pr+x'zq xy’, is 
(A) dle? -y?, x -27)=0 — BAe = x-Z -2)}50 
(© o?-y', -z')=0 MD) ae-y’, Y-z')=0 
18. The general integral of xzp+ yzq=xy, is ; 
a) fEn-y) | @ (2 a2 i 
mes 2 
(C) (2. xy- “| . : Oo none 3 hee 
19. The particular integral of r—2s+ =sin(2x+3y), is 
- (A) 2cos(2x +3y) of (B) sin(2x +3y) 
(C) -sin(2x+3y) bo, <2 Spy ~5(0x+3y) 


-20. The particular integral of (D? - : +D-— D’) z= ety , is 
1- ota bins )x 
(A) 2 gy Gs e283) (C) aie 3y (D) —e?* 3y 
6. rae 6 3 
21. The complete Integral of r+2s+t+2p+2q+z=0, is 


Az-€lAy—x+ao-a] oo B z=e“o-a+¥o-a)] 
Kee e “lal y-x )+xo,(y- x) oe Bo none eee 


22, The. solution of (D-2D’ ~1) (p= 2D”.-1 )e= Oi. is, 


j (A) a= =e*¢ly- 26 )+ yi Ae (aktetjeety (B) z=e ely +2) 4 Ae mt 
(C) z=e % (y+2x) ai fay _ (D) none of these. 
23. The solution (2 ty + (ae) Sxdy, is eM ee ae 
2 (Aje=Z[ee+a) + af] +b wo. Be Flt +a) + ay +b 
> (Oz 2 fe + oF +a] Sag | weed Hg aye. 


24. The complete integral ofa +y)p=y(L9), is’. fe: 8.) aie ae aha 
(A)z=allogayytxty)+b  B)z=allogsy tx tb 
Oz=all tatty wp MD) zz aktiyt (thay . 
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25. The complete integral ofx’ p+ y q -4=0, is 


(A) z =a logx + V4-a’ logy+b | (B)z = ax 26 dae a’ y +b 
(C)z=ax t+ by’ +e . (D)z=alogx’ +V4—- a’ logy’ Soy 


26. The complete integral of x(y? +2)p-y(x +2)q= 22 ~y ), is 
(A) f(x ty - 2z, xyz) = 0 ~ B) f(x os + 22, xyz) = 0 
(C)f 00 - y’ - 2z, xyz) = 0 (D) fx’ - y’ + 22’, xyz) =0 | 


| 27. The complete integral of r+(a+b)s+abt= xy, is. 
1 J 
(A} z= fi(y an) + fyly bx) +Ex'y ~ 5g (a tba 
. ; 1 : “a . 
B) 2=fy-a)+ hiytby+exy ~ Sat bx" 
(C) 2= f(y ai)+ f(y ba) teary (aba! 


(D) 2=fiy tan) + fly tb+oxy 4 = (at ba" 


28. The complete integral of q = px + Dosim o. ©" dea8 _ - 
: Bee : : : ; ; 2. 0° 
(A) zza(xe')+ $e +b LB) te alee’) +e +b. 
2 . : 
(C) z=a(xe”)-— 2" +b oo (D)_none of these 
2 2 
; ¢ a 2 See oe I has the solution 
ax’ “aay ox ” ee 4s 
(A)z=f((y) + e°fy + x). +x . Bz=f) +e fhy.tx . 


(Oz=x (D) none of these 


% 30. The general integral ofp + 3q = 52+ tan fe 3x). eee ae 
(A) oly +3x,5x— log {5z + tan (y + 3x)}]= 0 ies $x leat oo nant dee 0 5 
@ oly- 3x, Se eet mnie sds ae ~(D) oly- 3x,5x%- log 52~ tan Oe 3x)}]= 0. 


| . 31. The characteristic curve of 2yU, taxty? me =0 passing ‘through (0, 9 is “ , 
(A) y =e +x-1) | | Bp yr = 2e* —x+1)_ . 
Oyster HAe+xal)., 
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32. Consider 4xyz = pq+2px’y+2qxy’ 
(i) It can be reduced to Clairaut form by some suitable transformation 


(ii) z= a ae by + a-b is complete integral | 
(iii) z =-.x’y’ is singular solution . 


Choose correct code wap Oe. “8 
(A) only Tand Il are correct’ (B) only II and III are correct 
- (C) Land Ill are correct (D) all-are correct 


33. Let u(x,y) be the solution to the Cauchy problem xu, +u, =1u(x0)=2In(x),x>1. Thenu(e)= : 
(A)-1 (B) 0 ” . (D) e . ; 


34. The characteristic curve for the equation xz,- yz,= zis © 


(A) straight line passing through origin. (B) circle with centre at origin. 


- (C) parabola with vertex at origin (D) rectangular hyperbola . 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT — 


_ 35. General solution o- ou + a = 0 is not of the form 
ax? y 
(A) u= f(xtiy)+glx—iy), Bux flx~iy)+8(x-iy) 
7 Oates y)~ slr iy) D) w= flx-iy)-ele-iy) 
ae 072 eee 
36. ae = 1266 + y) has the solution’ . 
, ee ee eo) 5B) z= fly + ix) + fh —ix) + 2x? + 6’y 
(C)z=(x+ yy ae (D) none of these 
37. The general solution of the given partial differential equation je a? = 0 cannot be 
WnsiGew ty-apo ee” BE=Ay bia” 


a ver ba! ate Fag a 


Og Oe 8 nor lo: 
. OX ax" ay - dxoy® dy* - 


38. T he solution of the given partial differential equation ate - 2 


(A) z =f yf; (ytx)tx fits) x Hor) 
(B)z=2h,-)+2f,0-+%) | 

MO z=f-y+3LOtH 

; ce oats DALOFI LOD) 


J. 


40. 


41. 


42. 


4B. 
adap iyo (= oye 
: yrz}} 


Dyas yt a(%=2) =0 
sek Fe ee eg 


4d 
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07z 922. dz a 


—--—* +—-— = 0 has not the general solution 

ax? Oy?” ox oy 

(A) z=fy—x) + &f,y-x) (B) z=f,(y +x) + fy) 

() 2=e*fy-9) - D) 2=fy +9) +e*f~¥) 


The partial differential equation formed by elim inating arbitrary functions from the relation 


z= f(x + at) + g(x —at) is not — | 
az _420°2 _¢ ; 18, _ 
ae ag : 3 ae 
4 022° Oz oo 4s Oz Oz. 
C)aql 2.22 =9 ue a 26 
. os at? ax? : | | — on ax 
Elimination hs function f. ‘from z =f (y/x) does not give a partial di differential equation 
AxZtyS=0 ae ¥ 3 OEE =9 ° 
(C) xty= js . — (D)x-y=0 
oo of a and b fromz = ae” sin bx does not give the partial differential equation - 
49" z dz 
=0 - B).—+=0 
a en oO (B)-— 
() = +20 bs (D) x + y=0 


a) 


General solution of P PDE (y +z) p + (z+): q= et Yr is/are 


2 = flle- yet yt” 


(C)(x- y)? (xt yeeF[ 222) = 


Dee Ge 


Given, z= a(x+ y)+b(x—y) + abt +c, then 
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beac tos . (az) (az : oz 
(D) elimination of arbitrary constant gives | — | -—|—| =4— 
ox oy ot 


45. Given, y =f (x — at) + F (x + at), then 
4) Ma f(e-at)+ F(etat), 
On aan pale 

(B) a =-af (x—at)+aF (x+at) 


(oy ees 
) ax? a? at? - 
(D) elimination of arbitrary functions gives partial differential equation of second order. 


pf 


ASSIGNMENT - 4.2 


- NOTE: CHOOSE THE BEST OPTION 


The general integral of the partial differential equation p, +p, =1+ p, is 


 () 7? = & tq)” +(y + by"? + b 


a cu none of these - 


1. 
(A) fx, +z, x, +x) =0 (B) f(x, +x, x,+x,) =0 
(C) fle. + 2, x, +X, x, +x,) =0 (D) none of these 
2. = + Py a : ae = xyz gives the es solution 
- (A) aed or kyz— w}re 0 (B) fren ~3u,2- =0 ©) offer- 3u, x = 0 (D) fxyz—3u) =0 
‘3. The-general integral fs —= 4 ay. 
. x ze 
(A) z=axt3ayto as z=axt vay +e (C)z=ax +3ay+e (D) none of these 
4. The differential equation © _ =e! = e" gives the general fouitione 
ee + be aed +e (C)z=a(é 5 (D) none ofthese | 
5. The general solution of the differential equation ply-z)+(x- a =2-X, is given by 
(A): f(x? + 2yz,x+y+z)=0 (B) Fly? +2xz,x+ y+z}=0 
-(C) Fle? +2xz,x+ y+ z)=0 . (D) none.of the these . - - 
. The general solution of px+qy = 3z,, is given by 
(A) {5.2)-0 (B) i(3.4}-0 ( f-\=0 @M #24 |=0 
; Sy x : y 3 
7. Complete solution of p* -q?=1 isgiven by a Bee G 
(A) z =ax+(a’ +t)y +C - (B) z=aye* 
4 (Opa “Wey ne, ; (DP) none of these oe | 
#8 Compete Integral af Zz ‘@' +g i) = x dak 


(A) d=x¥ Va? +x? +a’ log. (We a ma De a. oe oF a Tyee 
: (Cz =- 4 Jae—-¥ —a ogi ra NG ~@’ ae a” le solid A 


DIFFERENTIAL EQUATIONS CHAPTER - 4 


9. The general solution of the partial differential equation (D’ - D’ - 2D -2D’)z = 0, where D = © and 


D’= cu is 
oy . 
(A) fly +x) + 8 (y—3)  Be*fiytx) + 80-9) 
(C) eV fy +3) + B-x) | OHO +4) +e" giy-x) 
dz (dz) (dz)"| dz (a 4 (a) dz a)’ 
10. The complete integral of the p.d.e. (=| — |z= (2 s (= ‘j]+ , is 
ax. )\ dy: ox a ox oy fay oy 
3. : , 4 
(A) z = ax thy +" ae @B) z= ax + by +— Has 
+ 
4,74 a 4 
P rma SE "ere D)se-ax-by-8 i 
a ab 
' 11. Integral surface of x’p + y’q =-2' which passes through hyperbola xy =x + y, z= I, is given by 
(A)xy +2yztxz=3yyz (B) yz + dxy.+ xz = 3xyz 
-@ xy tax t+xz=Syyz (D) none ae these 


12. Solution of partial differential equationr + s - 2t = Oxty)"? is , 
- (A) Ox—y) + Q, (2x-y) + Arty" -  (B)Q, x ty) + wae) + . =f atyy” 


© Oe ty) +O ily-24) a Bo " . . (D) none of these 


ar) The complete eer . +0) ex ae Lise 


. (A)z= ait by+atb e fe * irae 

a+b 
One . 5 eae eine 
Draws % a 2 So * ~~ atb 


_ 14, The complete. integral ofz = : pg, is 


(A)2fy=xVatzVb+Ja ‘i a2 etn 
One: ee et . - . (D) noe ofthese eo | 


cs The complete integral ofthe pep? e +¢ y =z, is 
(Aye = x8" ws yk ee ae yee. (C)z= xy ane Dine ones 7 


a 16. The partial differential equation of the, family of surface z = (x + y) + A(x y) i is 
= ae aa oo: oe Vem 5 - (C)xptyq=xty | (D)xptyq= 0. 
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17. The complete integral of 9(p’z+q°)=4, is 
(A) (zta°)? =ytaxr+c : (B) (z+a°)?? =x+ay+c 
(C) (z-a°)P? =yt+axtc (D) none of these 


18. The complete integral of q =2yp’, is . 
(A). z=Ayta’y te (B) z=Axt Py’ +e © (0 z= Acta? ete | ©6(D) z=AxtAyte 


19. The complete integral of q = xyp’, is we 
(A) (2z~ Ay’ — 2c)" = 16 Ax 7 (B) (22— Ay - 2c)" = 16Ax 
© (2z-Ay? ~ 2c) = 16Ax | (D) (22- Ay? ~ 2c)? = 16 Ax". 


20. ‘The complete integral a yp = 2xy+logq,_ is 


| Qx+d), ns | (2x+A)? e?? 
A = +— +b 
ore oh a ae? ; Bz= a 7 
Qx+A) e? . _ 2 . 
(22 ab > . D)z= FAD 40 +p 


- 21. The complete integral of 2z+p’ +qy+2y’ =0, is 


/ 7 A) 2z=-(a-x)*-y? rere _(B) pei ay) 
: ; a, a 
Be oe Se Pig oo ke gece cee. SS 5b ee oe 
(O 272 3(a=%)=9 (D) eg 
| y | . 
22. The complete integral of pil+q’) =q(z—a) ‘is’ . 
(A) 4k(z -a) = (x +ky +b) +4 — (B) AK(Z - a) = (y+ kx +b)’ +4 . 
(C) 4k(@-a) = (x +ky +b)’ +4 4 “@) none poe 


23. 1 he eoniplee integral of p= = (qy + zy 


7 . * (A)yz= ayt dylan) +e care eg (B) z= a+ 2flay) +e 
| mC) yea ar +2 fay) +6 ie ae a y= Oe 
24. The oe ‘itera if (Pv £q° ay. y= G2, is” = 
(A) z ays =(ax+by. or, pen oe re - B) z’ =a’ y* =(ax+b) . ; 
. © P-@x¥ =(ay+b) SS py zma*y? S(ax+b) 
-_ 25, The complete integral of z(p* ~@)=x= y, is sy, = - uO a 
— Maras ta +b. a — B) 2! = (eta)? +(y +a)? +b 
(C() 2 2 (x$a)2+(ytay +b _ @D) none of these ~ 
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26. The complete integral of xy pq=r, 


(A) log z= Va log x- iy | ileepee bigs ee 
2ay 2ay 
| l 
(C) log z=~va (D) Jogz=Valog y-—— +b 
27, The complete integral of r—s—2t = (2x + xy- y’)sin xy—cosxy, is rc 
(A) z=fi(ytx)+f,(ytx)+sinxzy (B) z= f,(y +2x)+ f(y —x) + sin % 
(Oz = f(y +2x)+ f(y + x) +cosxy (D) none of these 


NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


28. _ Solution of the equation ptanx+qtany=tanz is not 


(A) qone. en Sad : (B) dlsin x—sin y, sin y—sinz]=0 
sin y ‘sin z os 
O¢ sinx . faz). oO . : (D) élsin x, sin y]=0 
siny  sinx a . | 


(29. The particular Integral of the equation (p? +3DD’'+2D” )z = x + y cannot be 


eet Seer oe Te > x 1 ie 
A) Z=— yx -x BD) 2=— yx C) 2= yx D) 2 yea 
(A) 3? (B) 7» 3 ( } eae (D) ar 
az vz : : : 
* 30.. The particular tga of aa oo cosny is not 
ox”. ; 
1 
‘A) = COS mX.COS n a cos mx.sin n 
“ era 008 ny | Tre qryomesin ny 
1 = ; 
(C) - Geom mx -COS My = (D) een) mx .SIn ny- 
31. For PDE (p’ +q)y=qz 
(A) no singular solution exist (B)z = x’y is the singular solution 


(CZ) z= oe is the paler solution: (D)a'= = = + oy" a a’y is the alae solution 


32, Fi he surfs passing through the porabola “= 0, Sa = fax and u.= a1, y. "= eda and stig the 


ou ou We 


ax 
- (A) a RS ns a - (B) no such surface exist 
ax 
(CG) v= t cose — (D) u=y sinx - 
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ee . _ Ou 3 as : . 
#8833 The surface satisfying 2 = Ox” y containing two lines y = 0 =u and y=1=u is 


(A) u=xy>t yl-x°) - (B) no such surface exist 


2 


(Oua-2 41 —  (D) 4 sinx cos} 

34. CF. ftheP DE D-ad'-9 (bD - aD’ ~c)z = 0 is not 
(A)z= e8 @ [¢, (by tax)t yy (byt an)lifo# 0 (B)z= ee Taby tan xh Oya) if b#0 
(C)z= e ‘yiley+an + xynlby +a) if a#0 (D) none of these. 


2 ae : : 
35, 7 a a dala of oe, We. as gate = ae sin(x + y) cannot be 


* Bray dy? 


a7) ae (4) ane 


(B) 2= Lipa i og w+s [P- 5) datees) 


8 


© z= AO- 2+ f0- B44 G 5) sin(x+ y) 


shyt) fy +31)-7 (e- 2s sin(x+ y 

letra Yp+gy=l Bidens 

alog 0? +y') + )0-a") tan" a ® ge =alog( +9?) +{(1=a°) ta! * 6 
©. a alogy(x" +a" 2 4b (D) z= eee ree an 
he complete integral of(pt+Q(px+q)- 1=0,is — 


A) z(+.a) = =2y(ax+y) +b - - : a B) z (i+a)=2 fexty)+6 
Ona) =2, (ay +3) +b ir eene nae ee ee 
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43. (A,B,CD) © 
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PARTIAL DIFFERENTIAL EQUATIONS OF SECOND 
ORDER AND SOME BOUNDARY VALUE PROBLEMS 


§ 5.1. CLASSIFICATION OF LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF SECOND 
ORDER IN TWO INDEPENDEN T VARIABLES 
Let us consider the equation of 2™ order in two independent variables x aad y. 
Rr+Sst+Ttt+fey2p@ = 0 .. (1) 


072 07z 


072 
Mere r=, S= teas 
ox axdy’. dy 


and R,S, T are functions of x and y then Equation (1) is 
Hyperbolic if S’—4RT > 0 

Parabolic if S’ — 4RT = 0 

Elliptic rs —4RT <0 


Note: (1) When equation (1) is hyperbolic the the asibievate ee eh (1) is 
RN +S4T= 7 : “ ...(2) 
Here roots are real and distinct [° ee ART> 0] say ,, and 2, are roots of (2) 


dy " dy 
Now, the Shipacteristte curves are given by rs Ay =Oand = + A, =0 


Note: (2) When equation () is elliptic then roots are complex. | 
Here. characteristic curves cannot be calculated. 
j Note: (3) When equation (1) is saarabt ee the characteristic equation of (1) is R +S ih + T= 0, 


Here, the roots are real and eles 2. hy =h, =) (say) 


dy 
“So, the chariacteristle curve is given by a + js 0. 


“Note: (A) T he number of real characteristic curves 
In hyperbolic = 2 . 
In parabolic ='1 


_ In elliptic’ = 0 (No real characteristic curve). 
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Example I. Consider the PDE x u,, + 2xyu,, + yu, +xu, + yu,=0, then 


(A) elliptic in the regionx <0, y< 0,xy>1 
 (B) elliptic in the region x>O0,y>O0,xy>1 
~ (©) parabolic in the region x < 0, y > 0, xy> 1 
(D) hyperbolic in the region x < 0, y<0, xy> | 
Solution: Here R =x, S=dxy, T=y 
Now, 8 -4RT= (2xy)’-4 xy = 4x y- A 
Ifx < 0, y <0, xy > 1, then S’ - 4 RT = 4 xy (xy - I)>0 
“SS S4aRT SO” : 
> The given P. D. E. is RGR One in the region x < 0 y < 0, xy> i. 


.”. Option (D) is correct. 


Example 2. The 2" order PDE 
: = y u,, +(x— y)sin Oe + y)uy + c0s?(x" +y) 
u,, +(x— y)u, + sin? (x? + y+ 4y+4=0is | 


(A)elliptic in the region {(x, y) :x#y,x°+y < " } 


(B) hyperbolic in the region {(x, y) Xx #y, 7 <¥ ey < 2) . 
(C) both true | 
(Dy none of the above. 


Solution: Here -R = e Gay S=K- Ae sin @ +y) T= cos” 60 +y) . 


Thus, 8’ ~ 4RT = (x-y)’ sin’ 6? +y 2) ty - yp)’ cos’ (x +.y’) 
= (x~y) fsin’ (x? + y!) — cos" (x’ + y')} > 0 
in the region in option (B). 


ied 3. Classify the operators , 
2 25 2 ” a 
Ome , au d°u d“u d-u ogee 


. ode Oxat ae 5 ie ae — - “dxdt : = Ox oe, te 
Solution: oe pate cae ek 
(i) Here A= 1,B= bk C= 1 and so B: 4ACH ] - 4=-3<0. 
_ Therefore, the given operator is elliptic. . 
(ii) ~ ree) B =-4, C= Land so B’ = 4AC = 16- 4=12>0.. 
‘ _ Therefore, the given pe is hyperbolic. a, 
_ (iii) Here A= 1, B=4, C= 4 and so B’-4AC = 1 6 - 1 6 =0. ‘Therefore, the given operator is parabolic. . 


.. Solution: 


du ou azy 


i) —>+—> + —~ = 0 (Laplace equation 

_ ae (Laplace eq ) 

_, ou du, u_t d%y 

(ii) ae ae + ao Ge eT (Wave equation) 

ae du: 02y { 

are) 2752 + ae = On a U (Heat equation) 
Solution: 
(i) Here the liad 

OF 87 +8) + 87,4), = =a,;= 1, @,; = 4); =4,, = 0 


6 is t+ve for all real ee “of 5, 5, 5, and it dies to zero only when 5,= 8, 055 =0. 
_ hence, the given Laplace’s equation is ike 


(ii) Here the operator §=8,/48,7+57 - na 87. 
This can be both positive or negative. Hence, the equation is hyperbolic. 


(iii) — Here ay, = Gy) = Ay, = 1, Ay, = 0 and A) = djs = G)4=z)= Ap, =Agq = Az) = Ay, Ay = Ay, =A yy =y; = 0. 


ay 2 Ars au} =f 0 00 
, [A21 22 23 Aas] = 10 1 0 od =0. 
3, Ago Agg Aggy 0 0 1 0 
hence, the equation is parabolic. 
Example 5. en the epialon 
i: az az 
I~ 2% Ly ft ot 4 ay @ = 9, 
( VG — ay > > (i-yj—% + 2x xy 3y 


Solution: Consider the operator =48/ + BS (, + C8, hae b= =o Lee = 
Here A = 1— i B= ~2ry, C=1- ee and so, 
B’-4AC = 4xy - ~4(1-x) (l-y) =4(-I +x +y’). 
_ Since A, B, C are Pann of x and y, the given differential equation, is jnperbote in the region where 
Be ae > Oie., x *4y'>1, parabolic in the region where B’ ~ 4AC = 0 i.e., at points on the ee 
Sak EL and elliptic i in ie remo where B’ — dC < ug ie, ¥ + <1. 


Example 6. a ihe regions where the following operator is, hyperbolic, prt and elliptic : i 


qe: or 2d°u. du, - 5 OU tu a 

Ge ey i Se a oe 

Os ake eer Car cae ca “oat ae OK 
(i) Here A = ie2rce x 


B= 4AC = = f — 4x. Thus, the operator is Sppebolit if P 4x > 0 Leé., fe t> > 4x, parabolic if 
ee te and elliptic if? < 4x. 
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(ii) HereA=x,B=0,C=-l. 
*, B’—4AC = 4x7. 
r hus, the operator is hyperbolic if 4x’ >Oi.e,, fe x’ > Oi.e,, ifx>0 or x<0 parabolic if 4x’ = v 
Le., ifx =0. 
Since 4x’ cannot be negative so the operator cannot ve elite a 
(iii) Here A=t,B =2,C =x. 
ale 4AC = 4 — 4tx. Thus the operator is Peete, if 4 — 4tx >. 0i ie., if a <I, Hitiolé if 
= 1 and elliptic ifte > 1. 


§ 5.2. CANONICAL FORMS (METHOD OF TRANSFORMATION) 

Now, we shall consider the equation of the type Rr + Ss + Tt + F(x, y, z, p, 9 =9, with) 

where R, S, T are continuous functions of x-and y possessing continuous partial derivatives of as high 
an order as necessary. We shall show that any equation of the type (1) can be reduced to one of the 
three canonical forms by a suitable change of the independent variables. Suppose we change the 
independent variables from x,y tou,v were u = u(x, y), v = v(x, y). a7 » aas(2) 

Then, we have p = 92 92 du , 2 oe ,gq= CAA au, az gaa 

ox du Ox ov: ax’ - by ou dy dv oy. 4 


du a, 9 d_u a, 2 


* ax x au dx av’ dy ay du 7a oe 


< az _ a (2) - (= 9 wa) (daz awaz 
ow, r=—> = ph al |e eee 
gx? ax (ax ox du ax dv) Lox du OX OV 
~ Ez (ay ej tial OW Og ey) fe Ol oe 
‘dudv dx ax Qv2_ Lax du ax2 av ax? 


so Be = 2 (ie) (BAB 2) (ea mw 
Oxdy ax. (dy dx du ax’ ov) (du ay *Wv ay | 
_ 32 du wu, d°z (auav du av), az vO, az dU | az Pv 
‘gu2 ax dy duav Ox. oy yy x} dy? dx dy du dy ax av oyax 
qn 22 (2) = (au ¢ Owe d |: ou oz av az. 
oy? e oy dy ou dy dv. lay du oyav} | 
2 es 
£20e (ony A5.dize, au wv, az. oF, atu, a2 OY 
duav ay ay ov? (oy du dy? av oy 
Substituting these values of p, q, ¥, sand in ad iy it. takes the form 


a= Fs mege oes +F [uw a 2 ae ; si ie. _ 

van) 15m (2) . ae ; eae. ‘a : : a . 

B= Re, v3 (Bm ee), a - oo a 
or ay sy 7(my | ea : : z 2 ; fee oe . . AO) 
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and the function F is the transformed form of the function f. 

Now, the problem is to determine u and v so that the equation (3) takes the simplest possible form. The 
procedure is simple when the discriminant S’ — 4RT of the quadratic equation. 
RV+SA+T=0 — 3 (7) 

is everywhere either positive, negative or zero, and we shall discuss Hee three cases separately. 


Case I. S’- 4RT > 0. If this condition is satisfied then the roots r " i, of the equation (7) are real and distinct. 


2 2 ; 
The coefficient of nF and <5 in the equation (3) will vanish if we choose u and.v such that - =j, 
. oe : dat" »4 
a) vo | 
~< ) and ==NX, 9 
oy () a ; “oy”: ys 
The di ifferential equations (8) and (9) will determine the ion 2 u and v as ‘Auncitons of x and y. For 
this, from (8), Lagrange « s meee equations are —~ Oe -1.6 = The last member gives du’ = Qi.e., u-. 
ae : 
= constant. The first two members gives § oy. ie i, = =O. . . . (10) 
Let f(x,y) = constant be the solution of Fis equation (10). 
Then the solution of the equation (8) can be taken as u = f,(x, y). ... (II) 
~ Similarly, if ‘f,(%, y) = constant is a solution of a + i, = 0, then the solution of the equation (9) can 
be taken as v = f(x, y) ... (12) 
Also, it can be easily seen that, in general, o. 4. :~* 
ACER RTS) | ae) 
pate -\dx-dy dy ax 
So that when A and C are zero . 
B= (arty (24av_ dua)” a ian ee) a 
( ) ox dy dy ax a? 


It follows that B’ > 0 since S’ - ART > O and hence we can divide both sides of the equation by it. 
Thus making the substitutions defined by the equations (11) and (. He the equation (1) transforms to the 
oe 


which is the scl Lom in ie case. 


“Case I. ce ART = 0. hh this c case, thon roots ae the sqildtion ( 7) are. canal We defi ne the an uas in ‘Case I ‘ 
and take v to be any function of x and y, which is independent of u. Then, we have, as before, A= Oe 


Since 8’ — 4RT = 0, hence from (13), B= 0 i.e., B= 0. ‘On the other hand, in this case,. Cc # 0, cc 
otherwise v would be a function of u.. 
Putting A = 0, B= 0 and dividing by C; we see that i in this case the canonical fe oe the equation ¢ 1 pi 


-0°z oe oz) ee a oo we 
is, ——= Z— > x (15 


Oe ek 
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Case III. S’ — 4RT < 0. Formally, it is the same as Case I except that now the roots of the equation (. 7) are 
complex. 
Proceeding as in Case I, we find that the equation (1) reduces to the form (14) but that the variables u, 
vare not real but are in fact complex conjugates. To find a real canonical form let 
u=a+ ip, v=a-ip 


es 
oz _ 02 00, , Oz OB _ 3(2. 2) 


Now soe ee oe 
ou 0. du “B a 


dz oz , dz 
Similarly as (4 | 


_ a2 -2(2)-4 3 .a)(a: (ez) 2 u az a2 . | . 
Qua aula) 4 |3q7!9g) laa” ‘9B 4| aa?” ap?) a ee | 
Thus, transforming the independent variables u, v to OL, B the desired canonical form is 
az az 2°02.) 2%. | 
Oe ay (9, p22, _ (9 
da? ap 0a a’ ap) 7 
Second order partial differential equations of the type (1) are classified y their canonical forms; we 


-_ say that an equation of this type is: 
(i) Hyperbolic if S’—4RT>0 @ Parabolic if 4RT=0. (iii) Elliptic ifS°-4RT<0. 


2\0a of 


Example 1. Reduce the equation (y-l) r- (y’-D)s oe oy t+ p-q = 2ye™ (1- a ee 
+ ta.ganonical form and hence solve it. 
Solution: Comparing the pauanon (1) with Rr t+ Ss +7t+ fs, y, Z, D, @) = 0,1 we have 
 R=6-D,S=7-),T=yy-). | | 
The quadratic equation RV + S\. +-T =0 therefore becomes 
GDA -G'-Yat yy - 1) = 0 ord? — (y+ 1 h+y=Oor(k~1)(h—-y) = 0 
= he L y (real and distinct oo 


The equations oa + I= 0 and yi 0. 


These -on integration give x + Ae = constant and ye = constant, SO idl. to ie the independent : 
variables from. x, y to u,v, we takeu =x. +yand v=ye*.. 
dz _0Z du ou, oe OV _OZ, x0Z _ 02 dz 
me FE tye Ftv, 
ax du. Ox Ov Ox. Qu ov du ov 
_ oz _a du, p92 OV _ oz eae 2 


ey Ou. oy: ire “Oy. - au OV vous SS GAS Bee? tank 
- a d' (az) (a. . 9.) (az: “92 \! 97 02 ; 202, a 
= female a Y prec —aitay + yp ——+ p— 
TO &. = & v3) (Ez) ae au wv? "wv 
(2. 2 (82 ax az) ce ca as 2 (Be of ae 

oy, ox (oul. av ~ ox ou. _ ax Lav). av 


a2 — “OV aZ)) ah az) *. a az, kOe x Oz, 7m 
=/—+v—|/—|+ & | Saye $F = ft (e+ 
i 7 2)(@) (2 wv} (2): 8 . du? a ic _dudV we ° 
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= 2()4e2()- 2 (ae) any 2(m m4 6 ‘[2@ 2 ee 
dy \du dy \av ou \du} oy du } dy duldv )dy av oy 


a°z x 0°Z x 0°2z 


= ees Sep Sar 
du? ~~ duav av? | 
Substituting these values in (1), it nee to (d- -yre 3 oe = =2ye* (1-y) 
oo = 2v, oe . a : oe ae(2) | 
duav Suv a | | 


_ which is the canonical form of the-equation (1). 
Integrating (2) w.r.t. v, we get zm =y + >, (w), ; : (3): 


where 4 1, (uy) is an arbitrary function of u. “Again integrating (3) wert. U, we get - 
z=u+y j(u) + ,(v), where y, is an integral of 6, and W is an arbitrary function. 
or z= (© ae tui +9) + Wi 08). | 


Reape 2. Reduce the equation 2 =x 2 a to canonical form. 
xX y 
Solution: The given equation can be written as r—x’t = 0. a(L) 


Comparing the equation (1) with Rr + Ss +Tt +f, y, Z BW = 0, we have R = 1, S= 0 f= =x", 
The quadratic equation RV + SA +T= 0 therefore becomes \? —x? = a Oo , 
=> ih =x, -x (real and distinct roots), = _ = 
The equations oy + a = = Oand 2 ay + hy = = 0 become oy +x= Oand ao. -x= 0 
dx dx dx. dx 
_ On integrating, we get y + + hy = constant han y idy-ta? =a = constant, so hie to change de pieced: 
variables from x, y to u, v, we take u=y + 1/2x and v = y- 1/2 re ; , 
. dz _dz du, dz W-_ dz _az__ (az 2) 
SE tt eS ex Ex] ~~], 
ox du.ox dv ox duo. \du av} 


2% du, a w_w%, az Roe) ae (2-22). 
oy du dy ov Oy Ou. ay" . ox? aX ax . 


3 8 faz az az az) - 0-(0z. dz \au 3 a pe “ez az. : ie 
=xX—f—-— +1 Soe | ae a fat eel cee water eal 
“ax (au. Ov du’. dv = ou = ‘dv )ax odv\du. ov es du dv. -~ 

; a ans 927 2 4 22 ae pate a2 x) ; fain 42 &, 2 
= du wv. ay? - by ley 
oe eee es 

ste = (@3)- oF ar a 

(au " av, (ou wv, _ 3u? dua: ov? 


Substituting: these values. in (1), it reduces, to pe a } a(¢ = a 


169 an ‘ -_ 
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oe (z- dz 
A(u-v) 


or suv xi ov =), which is the required Saaoniedl form of the given equation. 


Example 3. Classify the type of following p.d.e’s 
(a) u,,+2yu,, + xu, —u, +u=0 
. (b) 2xyu,, + Xu, + yu, =0 
Solution: a . 
(a) Here R= =1,S=yandT=x .. S- AREA) 
. The sie is hyperbolic in the region y >, penabale on the curve y = -X and elliptic 
in the region y ex. . 
(b) HereR=0,S= 2xyandT=0 ..S-A4RT= xy . 
(c) which is positive except on the coordinate axis. The equation is hyperbolic for all x, y except x = 


' Oor -y=0. Along the coordinate axes the equation degenerates’ to first — order and the second- 
order categories do not apply. : 


“Bxample 4 Use the transformation g=  O(x, y),4 =y(x, y) to express all the x-and ydervatives in 
U,, + 2bu,, +du,+eu, + fu=g in terms of ¢ and Y] 


Solution: By the chain rule ou a du 96 | a peated ou oN oy 


ox d& dx dn ox 
By the product rule, Uy =U, +(u,) p, +U,W, at ley),Ye 


: =uzd, +u,V, 


‘which, afier using the chain rile to find as and lu, 7), yields 
Uy = Uc. + (Us, + UW, )9, +UpV + (U9, +U VY, 
= Ugh, + Ue V, + ig V x + Un +U,V es 
’ Similarly, u, = uz9,, + lu.) ?, + UW +i, by, 
Uyy = UDyy + (Use, + UsyV,)9, + UY, + Une, + Many Wy. 

= upd? + lug, YW, + Uy ie +u, nV 

Finally, u = ugh, + (ug) OU Wy HUQ) Ye 
Ur = Uy, +(Ugd, +UW, )$, ee + Uns ae 
. = ht, the OY, TEN Pat ¥, + Hef + UW, 


“Example 5. ‘Classify acéording to ne ia determine the havticteetsiics of 
a) 2u,., —4u,, — bu, +u,= 0 (b) 4u,, +124, +9u,, —2u,+u= 0 


( u,. ae, My ,=0: (> 0). - ee (a) é iy, + 2e Mu, +e? uy, =0 
‘Solution: 
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(a) a=2,b=-2¢c = - 6 +. b-ac=16 and the equation is hyperbolic. The characteristics are 


dy _b+ Vb? 
dx a : 
Thus, the lines x— y= constant and 3x+ y= constant are the characteristics of the equation. . 


determined by neq ge 
(b) In this case a = 4, b= 6,c =9, b’ —ae=0 and. the equation is parabolic 
OO Jews that there i isa siele family of characteristics given by a es: == 
. a 


or 2y-3x= constant 
(c) An the region y>0O, b?-ac=r y positive, sO that the sqiation is hyperbolic pe. The 


characteristics are determined by 4 ae xy. or yy xdx =0 
ae 
y 


Fy rom sihich it follows that the characteristics are x? + 4,/y = cortant 


(db? ~ac =(e**” ee”? =0 and the equation is parabolic. The characteristics are given by 
; dy agi _ 
wo ee dx—e "dy =0 ; n 4 a 


-x 


e* —e” =constant. 


Example 6. ‘Transform the ciara 


(a) =- Qu, - 4u,, — 6u,, = 0 
(b) FY = 0.9 2 FA toa a canonical form with princes part Ugy.. 
Solution: 
_(a) The characteristics of: the given equation are X—y= constant and, 3x + y = constant». 


: “. We take £=$(x,y)=x-y andn=y(x, y)=3xt y | 
Transforming, we get 2u,, —4u,, -6u,, tu, =16u,, +u; +3u, 


ae -. the required canonical ue. is y all fers =f) 
due (aie 


(b) The characteristics are x? + 4,[y = constant. - 
“, We take § = 9(x,y)= x? +4 Jy 7 =v(z,y)= 2 ee 
We get u,,-x’yu,, =16x° iy (24 ye) ug + (2-2y Ny, 


8G ky + {Et eae 


hs o-7 e Sy 
__- where the last equality follows from. a =(é " ) /2 2 and y Sie -¢- n \r 8. 
Oa the desired canonical form is, ae Rs a ee € i re (E>n) 


4 Fag) 4G yr 
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m( VV, : ane are @ open seti i in rR 


7 in the region. x> 0; Ly > 0) ‘the o pital: di differential equation 


(e , =») le yee +(x? - a 0: isnot’. 


i w clanges ope: . ia alii. aha” see XO) parabolic 
a The Sond. order PDE. Ue Hat A u= 2D is 
“ Aelliptic forall x1 R ye Rk” : 


| elliptic for allx € R, y <0. 


r partial different 


(GATE-2006) 


(D). hyperbolic 


(comet vec NET JUNE-2012)- 


: nt #2) - yo)=t th ede 
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_§ 5.3. BOUNDARY VALUE PROBLEM 


—  d’u lfdu 
I, Heat E uation: ——=—| — 
paaeeeae {#) 
In two dimensional eee =3(%) 
ox’ dy” k\ at 
Ou 1 du 
Z: Wave Equation: —— =—-—— 
; ox? Ce ar 


3 Laplace Equation: V-u=0 


-5.3.1.. Solution of one dimensional wave equation with initial value problem 


Let problem be u,, —c?u,, =0, -~< x<0,t 20 
~ TnitiaKConditionsu(x,0)=7 (x),u,(x,0)=v(3) 

Let characteristic lines be € = x—ct,n = x+ct 

"we have u, =,¢, +u,N, =H t+ HU, 

‘ no tuyn, = a, 

d7u 

Ox? 


?) 
-2 w= Pig tu.) = Beg tthe + oy | 


| puma), Meg a +m ) 
t 


Substituting (3) and (4) in equation (1 ), we get du, = O° 


CHAPTER - 5 


aD 
(2) 


QB) 
nC) 


Integrating, { (E,n) = ¢(€).+¥(N), where d and Y- are. arbitrary functions. 


. the general solution is given by 
w(x,t) ps rma he Ski | 


_ Substituting initial conditions in (5), we get 
P(x) +(x) =H(x) ~ Rees 
ely’ (x)-y" (x)]= 9%) 


ae From equation (6) a wi ¢ ” $0) mm 
‘equation 6s ives re N= =~ Line + ct) + nee co 2c cf Oude 
c 


x-ct 


which is ‘known as D’ “i 5 coluihion of one dimensional w wave equation 


(3) 
AO 


: (D 


Lean vo)= 1) fue 
"204 eee BOS ee | 
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If v=0 then u(x,)= ie +ct)-n(x-ct)] 


5.3.2, Solution of wave equation with initial and boundary conditions. 
' Consider one dimensional wave equation 4 
u, =CUu,, OSxSL,t>0 ; eer |)? 
Boundary Conditions :u(0,t)=0=(L,t),t >0 
Initial Conditions:u(x,0)= f (x),u, (x,0) = g(x) 
Let u(x,t) be solution of (1)- 
u (x, t) =X(x) T(?) and substituting into equation (1) we obtain 
or oe al eT a’x 


pe A XI de _ aT I dt’ 
a’ « eT 


=k | — LO): : 


re 2 ¥ . . 2y 
Case- I When k>0, we have k= 2’. Then at 4 -2VX= -oanitt aT opr 0 


Their solution can be put in the form 

X =ce"+c,e" 

T=c,e"+ce,e% ts, thee 
Therefore, u(x,t) =(c,e* +c,e* \(ce™ +c,e) 7 3) 
Now, use theBCs: dee ~ Fe Re 
u(0,t)=0=(c, +¢,)(ce* +ce%) aa. (4) 

_ which imply that c,+c,=0. Also, u(L,)=0 gives ce +c,e" =0 -...(3) 
equations (4) and (5) possess a non trivial solution iff 


=e ~e# =0 or l-e™ =0 implying e’™ =1 or AL=0 


. This implies that A =0, since L cannot be zero, which is against the assumption 
hence, this solution is is not acceptable 


2 e 

Case I: Let k= 0. Then meta gf aT 2H 
dx? dt? 5 fe 

: T. heir sotuions are 2 found. to be X=Ax # B,. T= = Cr + D- 


therefore, the required solution of the PDE is u(x, p= = (Ax - + BCE - D) using the Roun 
- conditions, we have - 

‘u(0,t) = 0 = B(Ct + D), ne 0 

u(L, t) = 0:-= AL (Ct + D), implying A=0 © 

hence, only a trivial solution is possible. Since we are looking for a anon trivial solution, ‘consider the 
- ouOMiaS case. ep 
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ce III: When k<0, say k =—A’, the differential equations are 


see sae es 


AT =D 
Their general solutions give . 
u(x,t) =(c,cosAx+c, sinAx)(c,coscAt+c,sincAt) ...(6) 
using the boundary conditions C : u (0, t) = 0 we obtain c, = 0. 

Also, using the Boundary Conditions: u(L, t) = 0, we get sin AL =0 implying that 
A=na/L,n=1,2,...., which are the eigenvalues. Hence the possible solution is 

u n(% pein (Aon in) n=1,2... » wate 

L L L: 

Using the superposition principle, we have _ 


| u(x,t) = =Srin(4, os sO Bi anne) - | 8) 


The initial conditions gives 


u(x, a= fQ@)= m4, sin 


which is a half range Fourier sine series, where -A, -2f f (x)sin nay ee) 
Also, u ce 0)=g(x)= YB, sin ae c] 
a a eS 
- which is also a half range : sine series, where ; -- ~£ 
. B, -2 g(2)sin “de | . ie (10) 


"Hence, the required physically meaningful eae is obtained from equation (8) where A, and B,, are” 
given ae equations (9) and (10)..u,(x,t) given by equation ( ya are called normal modes of vibration and 


nacl L= @,,n=1,2,... are called normal frequencies. 


Working Rule: ‘Sia problem is u;, =¢ oy a LD 
Subject to. ate: condition uty =u , uP “0 Vt and se conditions Ble, 9 IO), # u(x, 0)=2(x),- 
OSXSL. , Le % 
ct niet \ sinnm x 
Bosine | where. 
ae us, t= ee cos a a+ saat A * “i | . 
A, =f =, & B, oie G yO ay | wa(2) 


Ps 0 F ind particular valiies of CL, fo aia pC. 
"(ii . Substitute values of L, f(x) and g(x) in (1).and find A, and B 
~<(ili) Put values of A, and B, in u(x,t) i.e., solution of problem. 


Case-I: Vi f(x) = 0, then . | . | 


nict . n@ . 1 | 
u(x,t) = 23, sin“ sin ““* where B, = ——[ ¢(x)sin el 
0 


a | | 


7 om 
Case-II: If g(x)=0, then y x,t) = >; A, sin = + cos = , ate =| f (x) sin a # 
nat : 0 


Example 1. Let u(x,t) be solution of initial boundary value problem — 
at? dx?’ 
u(x,0) = COs (4) 0< : < 9 


0<x<~m,t>0 


4 (50) =0,0<x el 

<4 (0,1) =0, ¢20 
Solution: u,. =u,,, 

u(x, 0) = n(x) = cos ** 


u,(x,0) =0=v(E) 
oe By D’ sea principle solution is given by 


u(x,t) =— slats n)- mae et) 


gx#ct) M(x- Gh). . I. Act - 
MUFC ogg MOD] | = — sin — sin -— 


1] 
u(x,t) =—| Cos 
(x,1) if 


Example 2 u, = c7u,, 0 < x<l,t2 0 subject to u(0,t) =0,u(/,t)=0 Vt _ 


u(x,0)=0,u,(x,0) =bsin’ (#) 


Solution: By D’ Alembert is solution is 


b *" sin’ x 
u(x, p= hiner a Os. Troe: dese f shat 
. 2¢ _xet : aan Fe ne 
lb (2snad sant) We 
2c 7 K4 4 
ed cos 7 EF eos F(x — ct) pee cos eet ct) -<———— oz F(x et) 
8ca eae 24cn I 
_3bl ax Hb sin ez Sin3act : bl [osmzssi Sint ae 


4cn dL lcm lL’ I lex ee ee ee 
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Uniqueness Theorem. The solution to the wave equation u, = c’u,,,0 <x<L,t>0 


5.3.3, 


satisfying the initial conditions 
u(x,0) = f(x),0SxSL 


—-u,(%0) = g(0),0S xSL 


and boundary conditions u(0, t) = u(L, t) = 0 where u(x, t) is twice d Vac enle ae w.r.t to x and 


t. is always unique 


Solution of Heat Equation 


Let the problem be ([F a _ ou . a 
ox? ot : a 
- subject to boundary conditions u(0,t)=0 and u(a,t)=0 Vt. and (2) 
initial condition is u(i,0)=f(x), 0<x<a. (3) 
Suppose that solution is of the form u(x,t)=X(x)T() (AD 
_ where X and T are respectively the functions of x and t alone. Using the values of (4) in (1 ), we get 
> ae : , ’ 
| oar (say) _ , a) . 
where {L is a separation constant. 
‘From equation (5), we can deduce that x’ ae 0 7 (6) 
and T’=uCT . _ (7) 
using (2) and (4), we get X(0) = 0 and X(a) = 0 ...(8) 


Now, we want to solve (6) subject to the boundary condition. Hence, we have the following cases: 


Case I: Let U= =0. Then solution of (6) is given iy Xx) = Ay + B 


Using (8), we getA = B=0 => X(x)=0 =u =0, which does not satisfy oe) 


Case IT: Let f= XR ,A#0.In this case, solution of (6) is given by X (x) = Ae* +Be™ 


-Using (3), we get A+B=0.and 0= Ae“ +De% > A=B=0 >X=0 DuH=0 
Thus, we reject this case also. 


. Case I: Let £L= =f’, A #0. In this c case, solution oF ( 6) is given $y X (x)= Acos Ax + Bsin Ax 


Using (8), we get 


* A=0 and Acos Aa+ Bsin Aa = 0 


Let Bx0, then sin da= 0 
sSAa= nt,n= 12... 


hae n n= 125: 
he 


oe Therefore, non zero 5 solution of (Oi is given 


Ks Co 
er a ek mee 2 


nac. aT 


puting, nt in (7), we get LALO DES SAGE Fmt sL NEM 6? ee. 
“a T T 


‘a? 


7 whose solution is given by T,(t)=D,, een 
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Thus, we have uy, (x,t)=X,,(x)T, (t)=E, so( “Eh | (Y) 
: a 


. .. [The more general solution of (1) is given by 


u(x,t)= Yiu, (41) =>. E, sin( =) a ; (10) 
n=l n=l ay ~ % 


Putting t = 0 in (10) and using (3) we get f (x) x E, sin * *) 
, a 


: , a=] 
which is a fourier sine series, thus the constants E, are given by 


E,, =2f. Feasin[ 
qa? 


nx 


Je n=1,2,3,... 
a : 


Example 3. Solve the equation in region 0< xs 2,t 20, subject to conditions 
(1) - Tremains finite as t + 0 _ 
(2) T=0ifx=0and 7 for all t. 


me O<x< 


wa 


3) Att=0,T=5 — 
. m-x 2<xsa 
2 


Solution: The solution of equation is T(x,t)= > E, neon. 
Foe n=1 
T(x,0)=>°E, sin nx. where . Bt tae BA me = 
i n=| = : 


x . x12 “. oo : | 
E, == [r(x0) sin nxdx = 2| | xsin nxdx + f(x ~— x) sin na : 
es os 


| Meee m12 


‘ : 12 
2 [see sar) : 


z Cone sans)  4sin(na LD 
ae 3 SS 


; i Game ; - 7 ae 


0 al2 


Ee get sin(nz/2) 7 
vg ee 


~TRD=—>) 


nx 
P/ a n ; 
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~~ Parabolic if - ART = 0. 


- ~The. viwinbet af real characteristic c curves in second order p. d é., 
"Hyperbolic = = 


The | ‘solution Of - one Sinenstindl ~ wave” : * equation: 


KEY POINTS | 


E yperbolic if, a ART > o° 


_ Parabolic = 7 oe 
© Elliptic’ = 0 (No real characteristic ounce 


_ For the canonical transformations ‘We change th 
ue = ulh, »), = (i, y). Te 0 determine u and v, solve 


ae and Ny then solve Ww, + dy =0.. 7) and 
solution of (1 - and Q) respecte 


get roots oft this egiation. Say : 
| ehh ya and y voi &, », the 


The canonical form (1 4 Fo or ype 


Uy =, u 205 x<o5t20. UeO=n 


Ws n= == gle at te <1] 
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SOLVED QUESTIONS FROM PREVIOUS PAPERS 


I. The partial differential equation yu, -(? +1, =0, isnot — (GAT. E-1 998) 
» (A) parabolic in {(x, y): x< o} (B) hyperbolic in {(x,y): y> o} 
© elliptic in R’. (D) parabolic in {(x,9) <> o} 


Solution:- The given POEM is y “Ue ~ (e+ 1). u,, =0 
Here S=0,R=y’, T=-( aay 
S’-4RT = 0+ 4y (6° + I) =4y 0 +) 
when y > 0=> S’-4RT> 0 
=> hyperbolic in {(x, y) : y > 0} 
Option (B) is clearly true 
In option (A), 
parabolic i in {(x, y); x < O}. 
Ifx <0, 8’ -4RT> 0 iny> Oand S:- ART <Diny <6 


=> not true 

In Option (C), it is clearly not true 

Option (D) is similarly with option (A) not true. 
Ans. is (A), (C) and (D). : 


2 Transform the parabolic equations 
_ (a 4u,, +12u,, +9u,,-2u,+u=0 an 4 Bate 
0b) eu, +2e7u,, +e? u, =0 


to a canonical form with principal part Ue , 

Solution: 
(a) n=y(xy)=3x-2y 3 
Any (x, y) satisfying PW, - PY, F Ocan be chosen as the second variable 


-. Choose & = 6(x, y)= y 
4u,, +12u,, +9u,, -2u nigh +u 


hence the canonical form is y g 7 1 u, + oe 2G 
3. : 


the: Sai acierisdest is .e*-—e” = constant - | 
(b) 


x: 


age vy me tre? 
7 Choose the other new variable as. - a 

E=@(x,y)ax + eu, + 2e* uy + ens | 
ee ug + Qu, =e lug + Quy. 


-é.” 


hence the canonical form-is. u gt 2e*u : =0 


3. ._ Transform the elliptic equations : : 


© (@) Ug, + 2U,, +1Tu,, = 0° 
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‘(b) xu, + yu, = O(x >0, y>0) 
to canonical form with principal part Ug +U,, 
Solution: 
(a) a=1,b=1,;c=17 
dy bai \p? — ac| 
i ae, Sats 
dy: 


Gives =1+i4 which has the solution z = (x —y) + i4x = constant 


Thus setting E=Kx,y)=x-y, n=wlxy)=4x-— 

We have u,, +2u,, +17u,, =16u,. +16u,, 

hence the canonical form u ge tu, = 0 _ (Laplace ’s equation) 
(b) 2 i> with solution z He xtilog y= constant 


ee é= (x)= log x and n = yy = log y - 
We have, x "Un +y? Uy = Use +Uyy mu ~li, = =v as the required canonical form, 


2: 


4. The diffusion equation oly =u(x,t),u(0,t) =u(z,t) =0, u(x,0) =cosxsin5x admits the 


ae ax? ot ; 
solution . . . ; (GATE-2012) 
-36t p , ; 
' sin 4x] —B a (sin 4x+ _ sin 6,| 
sin 5] — bin: Sx+e™' sin. x]. 


Solution: (A) puting the eondiions in the tin vila (4) is the only option n that satiyies es. Therefore 
: 361 
é 
u(x,t) = ae 6x+e e” ’ sin 4x] 
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ASSIGNMENT - 5.1 


NOTE: CHOOSE THE BEST OPTION 


SS 


PDE of second order in canonical form is Rr+Ss+Tt+ f (x,y,z, p, g)=0, then S’-4RT>0 represent 


(A) hyperbolic _ ’ (B) parabolic 
(©) elliptic _ (D) straight line . 
In PDE, Pp as gee then 
dy 
az a’z O72 02 
‘A) r=—~,s r=—>,s= 
4) ax’ — axdy @) Oy’ axdy 
| vz dz vz. az 
Qr= Ss D) r=—=— 
(© dy? ax? (P) _— axdy’ ax? 
. ie Oi | 07u 
Classify the equation —— = ¢? —— 
le eV a ) | 
(A) hyperbolic - (B) parabolic (© elliptic _ (D) none of these 
a°z az 
Classify the equation —> +— = 0 
eae ox” Tye et. . sa Bo 
(A) hyperbolic (B) parabolic - (© elliptic _ (D) none of these 
ou Ou 4a 
Classify the equation —.- 4 — ; 
iy ? ot” ut Ox. 8: si _ ans 
(A) elliptic (B) hyperbolic. =~ = (C)parabolic_ oe none a acid 
: Let u(x, t) be the solution of u, Ma <x< 1, t> > 0, u(x, 0) = cn x), ute 0) = 0. Then rena i)! is 
(4) = Bo Roe Sty Ox 
ee The solution of the Cauchy’ S problem u,, “6% YW aU, & ye 0 aC Q= 0, u, 6% Q= xis u 46 ye = S. 
. a) = . On os Oxy: - ce = Oy 0 
The solution of the initial value problem Uy = 4u,, t>0, -60 <x < 60, Satisfying the conditions u(x, O=x; . 
ee ee om om 
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9 Letubea solution of the initial value problem 222 - = 0; a 6) = = *, (6, 0) = 0. Then (0, 1) 
x 


equals to 


(4) B2  . ©2 ) 5 


10. Let u = W(x, t) be the solution to the initial value 2 problem Uy = U,,for — <x <0, t > Owith 


u(x, 0) = sin (x), ufx, 0) = cos (x) then the value of W (112, 11/6) is 


(4) V3 2 (B) 1/2. CU (D) 1 
11. The variables & and 7 which reduce the differential equation og as =() to the canonical form are - 
(A) play baal ? (B) on ee 
2 er 2 oe oe 2 
(Q Gaytx gaye (D) G=y' +x, Nay -x 
j pag paler can a2 = I 6 logte + 2y) has the solution 


ae oxdy a 
(A)z =Sil2y +x) + xf, (2y +x) + 2x? log (x + 2y). 
(B)z= 2x log (x + 2y) 

(C) z = 2f,(2y +x) + 2x’ log (x + 2y) 


(D) none of these 
aa , o7u Oru ou 
_ 13. Classify the e uation eed ; 
i Dy a “Or? our ae ar 
(A) ee 5 (B) re -(C) parabolic _. (D) none of these 


14. Let ie ; be the solution of the initial value problem ye =0; ulx, 0)=sin x; Ce ei 
a ar) 


Then, uz, al 2) equals - 


aynl2 —- @ l-(@2). a (Dl+a/2- 

15. Consider the wave equation _ 
Sona ae, O<x<z, 1>0, ‘with «(0, N=ucr, t)= 0. a(x,0)= sin xand = 0 at =0.. 
aera? - eee ae as 

Then (2.2) = 
(A) 20 BJT OO | (D)-1 


"17, 
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NOTE: MORE THAN ONE OPTION MAY BE CORRECT 


16. 


18. 


19. 


20 


a ot 


Which of the following represent hyperbolic? 

02 a a az 702 
(A) a2 ~ ay ; 7 Ba * ay? 
Y. 9% a 
O ax ay - 8 DAP y 

2 \2 2 
Forte PDE e423 + S =0 


(A) general solution is Z=4O-9-+m 0-9 | 


_ (B) general solution is Z=(x+ y)G(x—- Y)+9,(x- y) 


(C) characteristic curves are orthogonal 
2 


(D) canonical form is ae =0. 
v 


2 : 
Caister PDE Bee ot (c > 0) such that u(x,0)=f() and u,(x,0) = g(x), then 
Xx F é, . . 


(A) if g(s) = 0, then uta [Flee + ferred) 


(B) if fx)=sinx, g(x)=0, then an p=sinacos(e) 
(C) if g)=1, then u(x, =f(x, p+ 


2 .. 
(D) canonical form of PDEs : 5 == =0 


‘Consider a general PDE of: second order oft the form Rr + Ss + Tt+ f=0, where R,S,T are continuous 


__ functions of x and y, then PDE at a point (x, y) is 
(A) parabolic, fS°-4RT=0  - —(B) hyperbolic, if S’-4RT <0. | 
(C) elliptic, if S’ - 4RT > 0 (D) hyperbolic or ai when Ss ART 4 0 
ue oe ne 
Consider PDE aay ET. , ‘then select the correct ct optionls. 
Ox? ae te a oer 
w PDE: is: elliptic for x e 0 a eo -@) PDE i is pparibotie ihe =0: 
© characteristic e equations a are dy dx= 0 (D) characteristic eurvesare y=ct a 


Guy the PDE r= y ree px-qy= a select the one options, A 
(A) PDE is hyperbolic for x #0 & ys 0. : i 
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x 
(B) xy = C, and a 2 are the characteristic curves. 


x 
(C) x’y=C, and >= C, are the characteristic curves: 
yee re 7 


Boe 02 
(D) canonical form of PDE is 4 
7... Oud 


=1 where, u=xy, v=x/y — 


22.. Which of the followings is/are true? 
(A) two dimensional Laplace’s equation is elliptic 
(B) one dimensional wave equation is hyperbolic 
(C) one dimensional heat equation is parabolic 


(D) canonical form of. one-dimensional wave. equation is is of the form oe ae =0 
; . udv 
23. Which of the following is/are true? 


a ae 2 
(A) canonical form of hyperbolic PDE is of the form iar = d(u,v, Z,2,>2,) 


@B) canonical form of. rable PDE is of the form oa = G(U,V,2Z,2Z492%,) - 


(©) canonical form of elliptic PDE does not exist . 
Q? a a2 


(D). canonical form of elliptic PDE is 
da? "OR? 


sar = PIG, “s Z5ZqsZa) 


24. Given, the equation u,, + 2 = +4, where N and a are constant, then 
; a x a’ 

(A). the given partial differential equation is hyperbolic 

(B) the given partial differential equation is Parabole 


/N 
(C) the Caionical form is Hgy + ly +U,) = 0 


c+ 


‘2 (D) Hy =0 Is ihe canonical form 


. 25. - Given, the equation ésin” x)U,. +(sin2x)u, os X)Uyy =x, then 
a A) the equation is parabolic... ae 
(B) the equation is hyperbolic bey 

(©) the canonical emai is. (cos” x)u, tly =x 
see, sin“'(e"*) — Us 


0) the canna equation is Ung = | {— 220-8) 
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Bee 96, Given, yu, —2xyu,, +x'U, ayy paces u,, then 
: x y 
(A) the canonical equation is 4x” YU =0 
" (B) the canonical equation is Up, = 0 | 
(C) the solution is u= y f(x’ ty’) + a(x? ty’) 
~ (D) no solution exist 
27. Given, the equation (1+ x uy + (I+ y?)u,, + xu, + yu, =0, then 


(A) the discriminant of the given partial differential equation is B’ -4AC= Ad +x? (i+ y?)<0 
(B) the given partial differential equation is elliptic . 


(C) th characteristic equation are a l+y" 
e characteristic equati —= 
pth oP Sey \roe 


(D) canonical equation for the given partial differential equation is U ova TU pp =0 


28. Particular solution of differential equation r +-s- 6t =y cos x cannot be 
(A) y sinx + cosx . _ (B)sinx +.y cosx 
(C) y sin x —cos x. (D) sinx—ycosx” 


a i, ay 2 
~29. Given, the wave equation ap halls as 5 y ‘ then 
* (A) the general solution of the wave ae is Y%t) = G(x. + ) - aaa ba 
. (B)no general solution exist 
(C)the, D’Alembert’s solution of the given equation is yx, ve =f (x+ “ + f (x— -ct) 


: (D) no D’Alembert’s solution exist 
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